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Famous Anderson-Weiss-Kubo model of magnetic resonance is reconsidered in order to bridge
existing gaps in its applications for solutions of fundamental problems of spin dynamics and theory of
master equations. The model considers the local field fluctuations as one-dimensional normal random
process. We refined the conditions of applicability of perturbation theory to calculate the spin
depolarization. It is shown that for very slow fluctuations the behavior of the longitudinal
magnetization is simply related to the correlation function of the local field. The effect could be
checked by the experimental studies of magnetic resonance in quasi-Ising paramagnets.

PACS: 45.10.Hj, 76.60.-k, 76.30.-v, 75.75.Jn, 05.40.-a

Keywords: magnetic resonance, spin relaxation, normal stochastic field, longitudinal correlation function,
Anderson-Weiss-Kubo model

Spin system with the Hamiltonian (written in rotating frame)

H=H,t)+H,, H,=o,l Ho®)=(A+o, ()1, =H, +H,(t) Q)

X!

is one of most important basic models for studies in spin dynamics. Here |, is spin operator, A is the
detuning from the resonance, @, represents magnitude of the rotating field, and @, (t) corresponds to
time dependent local field, produced by surrounding substance. Famous Anderson-Weiss-Kubo
(AWK) model [1] considers w,(t) as a normal stationary stochastic process with the correlation
function (o, (o, (1)), =M«(t-t|), M, =<a)2,>n, it means, that for any reasonable function «(t)

the moment-generating functional is of the form
.t M2 t
ot [ =(op(i[ drate)an 0))) —exp| -2 [ drdratm)ate e )| @)

Here averaging is fulfilled on distribution of random trajectories o, (t).

The model was created to explain the “narrowing of the resonance line by motion” using Gaussian
or simple exponential K‘(|t|) but it was successful for explaining of the line shape for impurity beta-

active nuclei [2, 3] without observable differences between precise experimental data and theoretical
predictions for more realistic /c(|t|) It was adopted to describe two- and multi-spin transitions [3-5]
with successful incorporation both static and dynamic correlations of local fields on impurity spins
[5, 6]. The model found important application in description of the electron spin echo [7] and it
produces a kernel for modern theory of spin dynamics in magnetically diluted systems [8, 9].

An important application of the AWK model consists in derivation of the applicability conditions
for perturbation theory for small @, in calculation of longitudinal correlation function [5, 10, 11]

t This paper is prepared on base of invited lecture at XIX International Youth Scientific School "Actual
problems of magnetic resonance and its application", Kazan, 24 — 28 October 2016 and it is published after
additional MRSej reviewing.
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FO)=(1,1,m) (12)=((1,1,®),) 1{17).. (3)
Here (A), =Tr(A)/Tr(1) for any relevant operator A, that corresponds to averaging with infinite

spin temperature. The function F(t) is proportional to observable value of the operator I, (t), if the
initial state of the density matrix o(t) is of standard form

_ o0yt 3P, _ _
po_p(t_O)_Tr(l)(l—i_|(|+1)IZ)’ po_Tr(Izp(t—O))- 4

Indeed, p, doesn’t depend on @, , therefore
3,0 =(Tr(1,pt))). =(Tr(1,®)pt=0))) =Ft)p,. (5)

The advantage of the model is the realistic smooth time dependence of local field contrary to known
exactly solvable models with hopping evolution of @, (t). It is usually expected [1, 10, 11], that if

A =0, then the simplest conditions ¢, = R,T, <1, and ¢, = Ryz, <1 produce F(t) =exp(—R,t). Here
© t 0
Ry =T, T,=| dtexp(—Mz jodr(t—r)lc(r)), .= [ dtwe(), (6)

Nothing is known for slow smooth motion, when R,z >1.

We will indicate below, that for smooth o, (t) there exist logarithmical correction to the condition
with &,, similar to the correction, indicated previously for two-spin flip-flop transitions [5]. Further
we will construct the solution for very slow smooth motions, which is valid in the main order in
& = 3T} <1. It has the form

F(t) =%arcsin x(t).

1. Very fast fluctuations — d-correlated local fields

For the sake of brevity below t>0. If z, =0 then correlation of local field can be written as
2
(@ Mo, 1), ==5(t-1), ()
2
and the phase evolutions at different times are independent. It means that for t <t <t' we have

(.t [e]) = (.t [a) (.t [a]). (8)

The quantum Liouville equation for density matrix p(t)

§p=—i[H,p]=—in=—i('—o+L1)P' ©)

Lo =[Hopl, Lp=[H.p],
can be rewritten in the integral form
—i Id‘rLO(T) .t —i td‘rlLO(‘rl)
pt)=¢ 15, ~i[ dee 1L o), (10)

Here and below we will use superoperator formalism, basic information about which can be found, for
example, in the textbook [12]. The superoperator L,(t) commutes with itself for different times
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L, (t) Lo (t,) = Ly(t,) Ly (t,) , that admits to use simple exponential in (10) instead of chronological

ordering, required in absence of the commutativity, and, as a consequence, the multipliers with phase
evolution in (10) can be calculated exactly:

U(t-t) =<exp(—i.|:er0(r))>n =exp(—(iAlj +%(I:)2J|t—tl|}, (11)

2

New superoperator | here is produced from usual spin operator |, according to the standard rule

1;f =[1,,f ], where f isarbitrary operator.

Averaging the Eqg. (10) we have, as in Ref. [13],
(p(0), =(exp(-i[ 3L, (0))) =it {ex0(-i[ deLs ) L) (12)

The relation (8) together with 7 >t, was applied here.
As a result of Egs. (11) and (12) we have for t >0

0 s A2 .
=(p(0), =—(|AIZ +R(12) +|L1)<p(t)>n. (13)
Last equation is equivalent to Bloch’s equations in absence of longitudinal spin-lattice relaxation
0 0 1
EJZ =[QxJ], a\]x’y =[@xJ], _T_J”’ Q=(w,0,A), (14)

2

where J_(t) =Tr(la <p(t)>n) are average values of spin operators. Excluding orthogonal components

J, and J, with initial condition J, (t=0) we arrive to the equation for polarization along z-axis

%JZ ——w’Re J;dre(iA_le]TJz (t-7), (15)

which is exact for 5-correlated process (7). We see that for small ¢, the derivative 03, / ot ~ &’ is small.
Therefore the variation of J,(t—7) during the times z, important for the factor exp((iA—l/Tz)r) in

the integrand of Eq. (15), is negligible, and for t >T, we can replace the Eq. (15) by

0 iA—i T
%JZ -/ Re] dz'e[ 7 J,(t)=-R(A)J,(t). R(A)=7rw’g(A), (16)
= dt iAt-[t|/T. T2
A)=Re| —e G E—
9( ) I_w o0 7z’(1+A2T22)

Here normalized resonance line shape g(A) is introduced; it is a Fourier transform of free induction

decay, which has simple exponential form F,(t) = exp(—|t| /T) for 3-correlated local field.

Comparing Egs. (15) and (16) we see, that e, is small, if, at least, R <«<1/T,. To refine the
condition we can retain in (16) next, linear in z term of J,(t —7) expansion

. 1
o, . = [,A,i} 0 ~ 0
= Rej0 dre Jz(t)—ra\]z(t) =-Rt+9_3,, (17)

g T(1-(a))

9=Reaf [’ ord" Vo= (1+(AT2 ) )2 |
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It is evident, that condition of smallness of @, received the form |9| <« 1. For A=0 new condition

coincides with previous &, = R,T, = »’T, <1, but with increasing of A it can be less restrictive.

2. Fast fluctuation of local fields and the perturbation theory

Modern perturbation theory consists of two different, but connected parts: obtaining the effective
Hamiltonian and derivation of master equation, see [14] for example. Master equation is an equation
for important part of the density matrix p(t), which is sufficient for calculation of necessary

observables. To derive it according to projection technique of Nakajima-Zwanzig we can introduce the
projection superoperator P, which separates the important part:

Pp=(po), =((p), ), (18)
Here index D separates the part, diagonal in representation of eigenstates of I, i.e., if I,|m)=m|m),
then (n| pp|m) =35, (m| p|m).

Multiplication of Liouville Eq.(9) on P and P=1-P produces
gsz—iPL(PJrE)p, ngz—iEL(P+E)p.
ot ot

Solving second equation with initial condition Epo =0 and substituting the solution into the first
equation, we receive a master equation

%pp:—j;drlvl (0)Pp(t—7), (19)

M (z) = PLT exp(—i (! dsEL(s)E) LP.

Here T exp(---) is the standard chronological exponential. It is taken into account here, that the projectors
(18) obey the relations PLP =0, PLP = PL,P =PL,, PLP =PL,P =L P. The memory kernel M (t) has
second order in L, ~ e,. As a consequence the main order master equation is of the form

_pp = dr(<L1exp( [ dsLO(s)) > Pp(r)) = [ deM, (t - 2)Pp(e). 20)

It is taken into account here, that L,(t)L,(t,) =L,(t,)L,(t,) (therefore Texp is not necessary), and

action of L, on nondiagonal operators produces nondiagonal operator as well (therefore P is not
necessary).

Substituting here L, (t)=e,(t)I; and L, =, after straightforward transformations we obtain
that the polarization satisfies the equation

B0 o (111 6t 1 ), o)

where (p(t,r):.ftdsa),(s). The function F,(t—7)=(exp(ip(t,7)) =(exp(-ip(t,7)) represents,

evidently, free induction decay.
Now, after calculation of the commutators, we have

0, ()

P =—wlzj;drcos(A(t—z’))FO(t—T)JZ(T)=—I;erO(T)JZ(t—T), (1)

4 Magnetic Resonance in Solids. Electronic Journal. 2016, Vol. 18, No 2, 16201 (8 pp.)
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W, (7) = @} cos(A7) Fy () =Tr (1,M,(2)1,)/Tr(17).

The Eq. (21) is similar to Eq. (19), it can be transformed to local in time (Markov) form for small o,
by the same way, expanding upper limit of the integral to infinity and replacing J,(t—7) by J,(t) . As
aresult for t>T, we obtain

aJaZ—t(t)=—R(A)JZ(t), R(A) = [ dt W, (t) = 7 g (A), g(A):%zdtemFo(t)_ 22)

Direct application of the definition (2) produces famous relation for the free induction decay within
the AWK theory:

F ()= <e“/’(t’°)>n = exp(—%j;drld 7, <a), (7)o (7, )>n j = exp(—Mz.[; dr(t- T)K‘(T)). (23)

First condition of applicability of the Eq. (22) can be received again by retaining in (21) the term,
linear in 7

%JZ =—a)12_[0wdrCOS(Ar) Fo(z')(\]z(t) —z'%\]z(t)} =—R(A)J, +3§JZ, (24)

9=af [ dt-tcos(At)Fy(t) <of [ dt-tF (1) ~ &T, =RJT,. (25)

Therefore new term is negligible if 3 <1, and condition ¢ <1 is sufficient, but the condition
3 <R(A)T, is not fulfilled here, contrary to Egs. (17), because R(Az, — ) decays exponentially (as
a Fourier transform of a smooth function), while 9(A - oo) ~A2,

To obtain second condition of the applicability of perturbation theory we should calculate next term
M, (t) of the expansion of the memory kernel (19) in powers of ,. It is of the form

M, (1) = [ dsduPLU, (1, S)PLU, (5.U)PLU, (U, 0PLP,  Us(t,5) :exp(—ij:ero(r)). (26)
This term produces correction W, (t) to the memory function W, (t) in the Eq. (21)
W, (t) =Tr(IZMl(t)IZ)/Tr(If):—wfj';dsj':du(sl(t—s,s—u,u)—SO(t—s)So(u)), (27)

where S, (t—s)=<Ree“"“'5’> and Sl(t—s,s—u,u)=<Ree“”“'s’ Ree“”(”'°)>, together with correction of
the saturation rate R in the Eq. (22):

R>R+R, R =[dt W, (0). (28)

Here and below the case A =0 is discussed only. After transformations we obtain

4

R=R®+RO, R®= —%1 [ dtdsdue R (g=¥ts 1), (29)
1

Q(t) ZEMZI; dudv & (u—-v)= Mz.fotdu(t —u)i(u), (30)

W(t,s,u) = MZI;dt'I:du‘K(t'+s+u'). (31)

Magnetic Resonance in Solids. Electronic Journal. 2016, Vol. 18, No 2, 16201 (8 pp.) 5
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For preliminary qualitative understanding we should recognize, that essential range on t and u of
the integrand (29) is of order Tz, while its duration on s has the order z,, because with increasing of s
we have S (t,s —>oo,u)—>S,(t)S,(u) (or W¥(t,s —»>xo,u)—0) that produces a rough estimation
Rl - a)14TZZTc :

If 7, <T,, then this estimation is sufficient, but opposite relation z, > T, ~ M,"? requires more

detailed analysis. Below, following to Refs. [5] and [3], we apply rather general form of the local field

correlation function
3/2

K(t) = ((T2T wro) (€ T4 ) + z’o)) . (32)

This relation includes all existing qualitative information about correlation function: existence of

smooth quadratic in time evolution at t <T,; , its transformation into linear in time dependence at

312
~t

T, <t<tz, with consequent transformation to 3d-diffusional asymptotics x(t) at t>r,. Itis

evident, that z, ~ T,; + 7, here.

Substituting this correlation function in (29)—(31) we obtain second condition of applicability of
the Eq. (22)

&= R IRy ~ Rz, (14 (Trz,) 1 22102 (T3 /(Tzzro)))l’z <1, 33)

that for T,; ~ 7, ~ 7, is equivalent to
&,=R /R, ~ Rz, (1+In? (2, IT,))” <1. (34)
Similar condition was derived in Ref. [5] for two-spin cross-relaxation transitions, that is natural,

because two-spin cross-relaxation problem can be reduced to one-spin evolution with the Hamiltonian
(1), see for example [15].

3. Very slow evolution of local fields

If the local field evolves very slowly, then according to the adiabatic theorem of Landau-Majorana-
Stuckelberg-Zener [16] the projection J(t)Q(t)/Q(t) of the spin J(t) on the effective field

Q(t) =(@,,0,0,(t)) is adiabatic invariant. The case A =0 is discussed below only. We can suppose
that 7, > T, z(ﬂ/(ZMz))ﬂ2 < " and introduce the time of averaging T,, for which 7, >T, >T,.

The evolution starts from initial state p, (4) and after the shorttime T,, J,(t=T,,)=J’ ~ p,. Here and
below upper bar indicates averaging during the time T, . Later we will omit the difference

(po— J_ZO)/ P, ~ @T, <1 and use J; = p,. In most of time |, (t)| > @, , and, as a result of the adiabatic

theorem, at this time J, (t)==xp, corresponding to the sign of «, (t). Therefore in these conditions

I, I, . .
F(t) =<<|—2>> = (sign(«, (1)) - sign(@ (0))), - (35)
Further calculation should be based on main definition (2). Using the Fourier-transformation, we have
sign(x) = [ : d—q-e‘qu(q), s() = “ dxe "™ Msign(x) = — f'q ~, n—+0. (36)
=21 - +q

Substituting this Fourier decomposition into (35), we have

= dg,da, . - +igya
F(t):j._m (glﬁqzzs (ql)s(q2)<e % (1) qzw(0)> -

) n

6 Magnetic Resonance in Solids. Electronic Journal. 2016, Vol. 18, No 2, 16201 (8 pp.)
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- dqf;‘Zs (ql)s<q2)exp{ (o + g - 2q1quc(t))] (37)

It is evident from (36) and (37) that
2

d = dg,dq M
——F(t)=4M - 2exp{—— o +097 —20,0,x(t }z—. (38)
dc(t) .J. (2z) 2 (6 + 82 - 2a.0.x (1) 7(1-x2@)"
Integration of the last equation produces final result
F(t)=1+— I —:Earcsin Kk (t). (39)

y )1/2 T

Estimation of corrections to the relatlon (39) and elucidation of its range of applicability requires
much more complex calculations, than the transformation from (35) to (39). It is natural as well as
receiving of main order master equation (22) was much simpler, then derivation of the conditions of
its applicability (33) and (34).

Standard condition of applicability of the adiabatic theorem on one trajectory requires

d Q(t
o =max|n(t)|/ o <1, n(t) :%. (40)
Direct calculation produces
1 |de,
=—|—, 41
gadl dt ( )

and this value is realized at @ =0. According to the adiabatic theorem [16] decrease of the
polarization during one passage of the range o, ~ @, is Snad =exp(—7z/gadl)<<1, that produces

1/3
5o =<5nad>n =(exp(-7/ £,4,)) ~ exp{—(%wa'ZTzzj j (42)

where T2=(7z/(2M2))1/2 and r'=‘azx(t=0)/8t2‘7u2~r. It was taken into account here that

distribution of de, /dt is Gaussian with <(da)| /dt)2>n=—M2d2K(t=0)/dt2. The relation (42)
indicates, that the condition of applicability of the results (39) and (42) receives the form ¢,,, <1 or
(2771 8) e T2) " <1.

Frequency of passages of the local field @, (t) near the value o, =0 is W, ~1/7_, therefore

nonadiabatic losses of polarization should follow the law exp(—6,,W,ut) for &,,,W .t S1 at least.
Accounting it, we get

F(t)zgarcsinzc(t)-exp( ~GraqWogt)- (43)

nad " "nad

The spin-lattice relaxation should be considered separately of course.

We expect, that the relation (43) can be useful in studies of quasi-Ising spin systems by the
magnetic resonance of impurity spins and in quantum information processing, therefore additional
theoretical and experimental studies are necessary.

4. Conclusions

The model (1) is very important in spin dynamics and physical kinetics. Content of the lecture bridges
existing gaps in known textbooks and, we hope, will give new possibility for applications of the
magnetic resonance.
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