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We derive the dynamical spin susceptibility in the ¢-J-G model combining the random phase
approximation (RPA) and projection operator method, which allows describing the mutual
interplay between the local and the itinerant components of susceptibility. Near the antifer-
romagnetic wave vector the calculated dispersion of the spin excitations reproduces well the
so-called hour-glass dispersion, characteristic for several layered cuprates. It is formed as a
result of competition between the original spin-gap in magnon-like excitations spectrum and
the superconducting gap, which affects the itinerant component of the susceptibility. Further-
more, the calculated collective spin excitations along (0,0)-(0,7) are in agreement with the
positions of the absorption peaks in the inelastic X-ray scattering spectra. They refer to the
paramagnon-like modes, characteristic to the itinerant spin system, rather than magnon-like
excitations that originate from short range order effect in the system of local spins at Cu sites.

PACS: 71.27.+a, 74.72.-h

Keywords: HTSC, cuprates, dynamical spin susceptibility, collective spin excitations

1. Introduction

The magnetic properties of high-temperature superconductors such as YBasCu3Ogy, are quite
unusual. These materials contain charge carriers, distributed mainly over the oxygen positions
in CuOs plane and localized spins at the copper sites. Correspondingly, two approaches are used
for the description of the dynamic spin susceptibility. When one starts from overdoped regime,
it is naturally to employ the conventional Fermi liquid type description with effective on-site
Coulomb repulsion of the carriers at the same site. If one considers the lightly doped regime,
both the tendency towards Mott physics and strong antiferromagnetic correlations have to be
taken into account. Here we focus on intermediate doping level, when there are both local and
itinerant spins, but the system is still uniform. Possible phase separations in underdoped part
of the phase diagram and existence of the spin density waves or charge density waves are not

considered.

Previously [1, 2], combining projection Mori method and Green’s function technique we de-
rived an analytical formula for the spin susceptibility in superconducting cuprates. It allowed to
take self consistently into account both the itinerant and the localized components of magnetic
susceptibility. However, the spectrum of collective spin excitations, which is in focus of many
experimental investigations, was not investigated in details. A dispersion of the collective spin
excitations is needed for the construction of the microscopic theory of high temperature super-
conductivity, at least, when the spin fluctuations mechanism is assumed. In the present paper
we systematize our results. We also discuss the possible improvement of the general expression

"This paper is originally written by authors on the occasion of eightieth birthday of Professor
Boris I. Kochelaev.
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for the spin susceptibility and will present new numerical results for real and imaginary parts
of the dynamic spin susceptibility along symmetry routes of Brillion zone in the normal and
superconducting states.

2. Model and general expression for susceptibility

The Hamiltonian of the model is written as [1, 2]

1 nin; 1
H =D i ™ + 5> JylSiS; = =pH+ 3 > GFad; = Hit Hy+ He. (1)
ij.o ij ij

Here, 7 do (Q,Z)?’p d) are the creation (annihilation) operators for composite quasiparticles. Symbol

pd means that there is a strong coupling between copper and oxygen holes at each Cu-site
in Cu-O plane, which is resembled in the formation of the so-called Zhang Rice [3-6] (copper-

nﬁl]]

oxygen) singlet band at strong enough doping level. The second term H; = 3" J;;[S;S; —
i,J

describes the superexchange interaction between Cu-spins at site ¢ and j [7], n; = wiT’T + wj’i is

operator of the number of spins at site ¢. The last term refers to screened Coulomb repulsion
d,pd

e

between doped oxygen holes, §; = is the operator of the number of copper-oxygen singlets

per one unit cell.

For derivation of the spin susceptibility we employ the Green’s function method and pro-
jection formalism. It is convenient to start from the equation

W(ST STy =D (twg — tw) (WL W ST + > Tue 4R ((SF 82 — SFSTS7,)). (2)
1% gl

Here it is assumed that (S7) = 0 i.e. the long range spin order is absent, t; = ) t;; exp(ikR;;) is

usual Fourier transform of the hopping integral. On the right-hand side we get]: two new Green’s
functions. The first can be naturally referred to itinerant spins, which accompany the motion
of copper-oxygen singlet correlations over Cu-O plane, whereas the second term in Eq. (2) is
related to localize spins at Cu-sites.

Linearization of the anticommutator
> Jue i (S — SpST), Hy | 2 Q2St (3)
j?l
was discussed in many papers [8-18], where

92 :2J1204’K1‘(Q_Vq)(Asp‘i‘Q""Yq)] (4)

is the typical expression for collective local spin excitations in layered aniferromagnets, A, is
dimensionless spin-gap parameter, 7, = cos q,a + cos gya, « is decoupling parameter, which is
usually calculated self-consistently via the sum rule (S;"S;) = (1 — 6) which is discussed in
Appendix C, ¢ is a number of carriers per one unit cell, K1 = Ky = 4(5§57) is the spin-spin

correlation function of nearest neighbors.

Calculation of the anticommutator | J;e %% (S;'Sf — SZZSZTF), H,| is given in Appendix A.

il
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It is approximated as follows

S Jue (S S7 = SEST). 3ty o u | =
: ®)

_ 1 _ _
= Jit1 [2 — cos gza — cos gyal S;' ~3 Z (J/.H_q — Jk) (thtqg — )¢k,pd¢pd¢
k

Here 7]9 = ZJ_ZleXp(ZkRzl) and J_zl = Ji <¢g)d,'f¢?,pd>‘ Angular brackets denote the thermody—
l
namic average.

Using Egs. (3), (5) we derive the equation for Fourier transform of Green’s function as

w I Tae (S S = S7S) Hy + Hil[97,)) =

LK (2= ) + {9+ Tita 2 cos gea — cosyal } ({87 [57,) (6)

B % > (Trrg = Ti) (triq — tr) ((GLE00EM |S7))
%

Appling projection method as it was described in Ref. [1] we write

azpkvpd

1pd d.l Lpd
o =exty” + ALY+ — Zt’ B o

Zquk’pdS* N ZG’ m’pdwpdvpd i)

The expression for the energy of quasiparticales is written as [1, 2]

2G;FS + JyFy,

w8

e =) {ty[P + (1+2F))){S;57)/P] —
l

Here, P = (1+6)/2, Fﬁ is projection parameter, which will be calculated later via a number of
holes per one unit cell § and spin-spin correlation function <S]z S7). It is interesting to compare the
quantity in square brackets with Gutzwiller’s projection factor 26/(1+¢), which was introduced
for the phenomenological description of the doping dependent bandwidth [19]. In contrast to
Hubbard 1 approximation for & — 0 the bandwidth shrinks to zero. The same result gives
expression P + (1 + 2F )(SZSZ>/P For this particular case one expects that the spin-spin
correlation for nearest nelghbors on the square lattice will be given by (S§S7) = —1/4 and
Fy — 0. Note that the role of the last term in the bracket (8) at § = 0.2 is relatively small.

The superconducting gap equation is given by [1, 2]

1

A
kPN

( T (WRPYERD) — Gy (Pt
9)
(P — )

where t', = > tle;l exp(ikR;;) is Fourier transform of the reduced hopping integral and G, =
l

G — 1 /4. The analysis of this equation for Jx_j > 2Gj_j/, which we assume hereafter,
reveals Ay = A(T)(cos kya — cos kya)/2. Having expression (7) one can construct the equation
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for functions <<1/J£}ﬁ_dq O ) and ((47; by }ﬁflq\S ))> which enter in (2) and (5). However,
one has to be careful because the rule of differentiation of product composite operators, as it
was pointed in Ref. [10], is different from the usual case. Before applying expression (7) we write

the following relations

wkvpdwpd o Z wl'ﬂpdw;)d,i (1 _ i]) 7z(k+q)R +ikR; + NS(;L7 (10)
i7j
¢pd \L,llz)k‘ypd N Z ¢T,pd¢pd N ( i]) e—i(k:‘f'q)er'ikRj . (11)

Then carry out the differentiation of operators with lattices index (site representation) and
taking into account (10) and (11) one gets

WULTEE 57,00 = 5 ((ELEut) — ukrturth)
+ (Etbg ><<1,z),;f“%z)’“u 52,

¥ (%Jq — ti(1 = I ™)

iy = tesalt - PRI 57,0 )

1
= =D (g — e WLV |20 + (S [S2,0),
k/
W lre57,) = o (<w£il¢k”’d> W)
+ (5k+q - 5k)<<¢pd ¢¢k’pd ‘S

1 d d
-~ ([FJ5Jq — tx(1 = F))(¥, ’Wt’p )

1 d dy —~
—[FJqu —trtq(1— Ft)]<¢2’+2¢k’p NSy |Sq>>>
1 d, . .pd
— 5 2 Errvg — ) (U ol 157,)

k
These equations are rewritten as follows [2]

<<¢pd i%g’pd |S %th + %n/k,q«sfj |S:q>> + %Ckqul(w’ 9), (14)

pd  pd i 1 _ 1
(<¢kp PPt 157, —5Xka ~ Nn/lk,q«sc;r |SZ,)) — NCk,qD”(WaQ)- (15)
Here , ,
Nktq — Nk / 1 Lo gMhitq — LTk
+q—7 Mg = 5JaXk,q — - ’
W+ Ek — €k4q ' 2 W+ €k — Ek4q

1 " / P(thrq—tk)—w

Cla = Mkqe="k
T wtep —epr, 0 4 WA e — Ekigq

Xk,q =

ni = Pf () are occupation numbers, f () is Fermi function. New Green’s functions, which
are appeared on right-hand side (14) and (15) are:

D'(w,q) = =Y (ehrq — e (W 0L TG [S2,)), (17)

k
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D" (w,q) Z (Ektq — ,pdwpdl, 15=,) (18)
k
To compute these functions the following exact relations are used [1, 2]
Zw”d it =, (19)
Z PpPhphtt = 3" et = g F (20)
Combining Egs. (14), (15) and ( 9), (20) one finds
/ ZN / + —
D (w7q) - - g)((w,Q) +n (W,Q)«Sq |S—q>> /C(W,Q) (21)
and .
i _
Here,

NZXIW (w,q) NZ?? ks

(w.0) = ZCk,q, (w,9) =% Zn”k,q

Taking into account that Y (e44q — ak) = 0, it is easy to prove that D'(w,q) = D"(w,q) and
k

(23)

derive the relation [2]
_ | Kij

| . 24
Y14 6)? - 2Kyl 2y
Substituting D" (w, ¢) functions in (15) we get
(T 57,0 = 5 [xk R q>]
1 Ch g _
+— ([ [1+ 71" (w, q)] =21 ) St1S=
3 (10 7l ) (sF 157,
Then multiplying (2) by frequency and using Eq. (5) we find
— 1
{w? — Q2 — Jit1 [2 — cos gza — cos qya] } (S 157,)) = —%QJlKl (2 =)
1 — - —
=5 2 (T = Ti) (g = ta) (L Zqu™ [57,))
- (26)

pd _pd
+w Z (thrvqg — fk/)(@lxiq ol IS

1 1 — —
= _;JIKI (2— ’Vq) 5 ; (Jk:+q —Ji - Qw) (tk‘-i-q —tg) <<¢k,pd¢pd¢ ‘S

Substituting here the expression for <(¢k’p d¢p s ‘S ) function as given by (25), we get the

equation

(w2 _ QQ —t1J1[2 — cos qza — cos an]) <<S; {S:q>> -

27
= —;ﬂ 2J1K71 (2 — ) + %CU - XtJ] - [(1 +77'/)%] —n"us <<St}F |S:q>> -
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Since Nx, ' (w,q) = 2mi((S; |S=,)) for the dynamical spin susceptibility per one unit cell we
get
b= XGtg + [2J1K1 (2 —74) — x¢7] €
total [1 + 77//] CtJ + [wQ _ Qg _ Jltl (2 _ ’Yq) _ 77”tJ] C

(28)

Here the symbol (w, q), which accompanies the functions v, ¢, 1, is dropped for short. The new
functions with index tJ are:

1 _ _

Xes(w,4) = 5 g (thtq — th) [Thrq — Tk — 20] Xkqs (29)
1 _ _

0w, q) = N Zk: (thrq = tr) [Thrq — Tk — 20] 0''kq, (30)
1 _ _

Gr(w,q) = oN g (thrq — tr) [Thtq — Tk — 2w] Cig- (31)

The expression (28) can be rewritten also as follows

b = X6 + 21 K71 (2 — ) — xu] €
O L N G+ 07 = 02— Tit1 2= 7g) = Mg ] ¢

(32)

where A = 7" — w( (this is a function like defined in [20]):

P(t'k1q — k)
w+eEp — 5k+q,

1
A=A(wq) = NZAW

Aty (w, q) 2N Z thrq Jk+q - Jk‘ w] Akg-

kg = n/kvq +

It seems this form is more convenient for numerical calculations. Another form for suscep-
tibility, which has more clear properties under electron-hole transformation, is discussed in
Appendix B. Note that in numerical calculations the substitution w — w + il" is assumed in
all entering functions. I' is dumping factor, which can be anisotropic along the Fermi contour.
Factor [1 + A] in denominator (32) reminds the corresponding Stoner’s factor in random phase
approximation schema (RPA) for itinerant electron system. On the other hand, the quantity
[Qg —w?+Jit (2— Yq) + At J] is typical for localized spin-subsystem. Collective spin excita-
tions are determined by equation

Gts

1+ A c

22 G+ [w? = Q2 = ity (2= 7g) — M| =0. (33)

Therefore, local spin excitations (magnon-like) and itinerant holes (paramagnon-like) are coupled
to each other self-consistently. In other words the total susceptibility (32) can be considered
as a possible variant of description magnetic susceptibility compounds with interplay between
local and itinerant spin subsystems.

6 Magnetic Resonance in Solids. Electronic Journal. 2014, Vol. 16, No 2, 14206 (21 pp.)
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3. Superconducting state

The expression for spin response function (32) retains its form in superconducting state as well.
The entering functions, of course, modify due to Bogolyubov transformations in the supercon-
ducting state. The method of calculation can be found in Ref. [1]. The x(w,q) function at
T < T, is written like in BSC theory, except additional factor by P = (1 +9)/2:

Jraq — — fr+q
e
NZ ”w+zr+Ek—Ek+q NZ yyw—l—zF Ey + Ejiyq

P oy Set frpg—1 P — fr — frr
+= Y oS —= 4 +=y sH—— —
N w—{—ZF—Ek—E]H_q N w+ZF+Ek+Ek+q

(34)

fu = {1+ exp[E)/kpT]} " is the usual Fermi function. For the sake of simplicity, we are using
the following abbreviation for the coherence factors:

Sz = TkThtq T 2kZk+qs Syy = YkYk+q t ZkZk+q>

(+) (=) (35)
Sy’ = ThYk+q — ZkZh+qy  Oyr’ = YkThtq — ZkZk+qs
where ) )
£k — e —
o=t [1+u]7 o= [1_;3_#}’
2 By 2 By (36)
Ay 2 2
= —% E, = - Agl”.
%= op ) = \/(% )" + | A
The function A(w, q) is written as [20]
1
Mw:q) = 5o Fyx(w.q)
P hrq(forqg — 1) = tu(fr — 1) i fr = kg frr
- F <Z Smm . 4 Z vy ; : : (37)
N w+ZF+Ek—Ek+q w+zF—Ek+Ek+q

Y8 kSl — tig(1 = fitg) Y S(+ —fx) — t'k+qfk+q>
w4+l — Ek_Ek—I—q w+zF+Ek+Ek+q )

Physically last term in Eq. (37) corresponds to an effective molecular field of kinematic origin.
It is strong correlation effect, because in our case the anticommutate relations are different from
conventional Fermi liquid.

The function ((w, q) is written as follows:

1 Sua 1 Suy
C(W,Q)—Nzw+iF+Ek_Ek+q+Nzw+iF—Ek+Ek+q
_ +
Y e A Y
N w4 il — Ek—EkJrq N w+2F+Ek+Ek+q

(38)

Let us now for the moment assume that we do not have any conduction electrons (holes).
Substituting zero instead Fermi functions, from expression (26) one gets

_ —2J1K1(2 — ¢)
+, _ 181 q
Xlocal(w7 q) - QZ — w2 : (39)

This expression is identical to those found by many authors for lightly doped cuprates [8-17]. It is
remarkable that magnetism of localized spins at T' < T, is strongly suppressed “or in other words
frozen out” due to the superconducting gap, which naturally incorporated in function ((w, q).

In opposite limit, when spin-spin correlation functions are small, and conducting bandwidth is

Magnetic Resonance in Solids. Electronic Journal. 2014, Vol. 16, No 2, 14206 (21 pp.) 7
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large enough and correspondently function ((w,q) is small the expression (32) corresponds to
generalized random phase approximation (GRPA) schema [21-23]. Moreover, in limit ¢ — 0,
w — 0 the expression (32) converts to static susceptibility expression, which corresponds to
those one, which was derived in Ref. [24], beyond Green’s function method.

4. Numerical results

Calculated imaginary and real parts of susceptibility along triangle contour in Brillouin zone
are displayed in Figs. 1-10. The chosen parameters are: I' = 4meV, 6 = 0.33. We have
neglected Jy and K5 as they are small numerically. The energy dispersion was chosen according
to photoemission data [25]

ek = 2t1(cos kpa + cos kya) + 4to cos kya cos kya — 1, (40)

where (in meV): ¢t; = 139, to = —33, u = 88. The superconducting gap function was set in
agreement with analyzes of the temperature dependencies of nuclear relaxation rate, Knight
shift and superfluid density, which were discussed in Ref. [23] and [26];

A
A = 70((208 kya — cos kya) tanh (1.76\/TC/T - 1) . (41)

The decoupling parameters «, 3 and F); below (except of specific cases in Fig. 9 ) were set by 1.

+,-
Im %total

0.3

0.25

0.2

eV

. 0.15

[0}

0.1

0.05

0
(050) (TESO) (q .d ) (TEBTE) (050)
X'y

Figure 1. (Color online) Imaginary part of the dynamical susceptibility for the normal state. Input
values are: T = 100K, J; = 66meV, K; = —0.2, Ay, = 0.1, F; = 0.1. Upward dispersion can be
interpreted as a damped magnon-like collective spin excitations. Vertical scale is in 1/eV.
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Real(gy) |

100

100
150
~100
-0
-50
(0,0
(1) -100

0
0 (0,0 =0 (4,,9,)

Figure 2. (Color online) The real part of the dynamical spin susceptibility for the superconducting
state. Input values are: T' = 10K, A¢g = 25meV, J; = 66meV, K; = —-0.2, A, = 0.14, F; = 0.1
Vertical scale is in 1/eV.

140
0.3 120
0.25 1100
0.2 ]
- 80
L
=
0.15 F 160
0.1
0.05
0
(0,0) (m.0) (9,9, (m,7) (0,0)

Figure 3. (Color online) The imaginary part of the dynamical spin susceptibility for the superconducting
state. Input values are: T'= 10K, Ag = 25meV, J; = 66 meV, K; = —0.2, A,, = 0.14, F; = 0.1. Vertical
scale is in 1/eV.
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+-
Im xtotal

140

120

F100

40

20

| |
(m,m/2) (9.,9.) (m.m) (m/2,m/2)
Xy

Figure 4. (Color online) Zoomed in region of point the imaginary part of the spin susceptibility for the
superconducting state . This aria is usually probed by inelastic neutron scattering [27-33]. Input values
are: T =10K, Ag =25meV, J; =66meV, K; = —0.2, A;, = 0.14, F; = 0.1. Vertical scale is in 1/eV.

Im xtotal

120
100
180

] 160
100"

50+ 70

0.4

(0,0) : - ‘o, eV
(m,0)

(m.7)

0,0 ©

(@,9,)

Figure 5. (Color online) Real part of the spin susceptibility for the superconducting state. Input values
are: T =10K, Ag =30meV, J; =66meV, K1 = —0.2, A;, = 0.14, F; = 0.1. Vertical scale is in 1/eV.
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0.3

0.25

0.2

o, ey

0.15

(0,0) (m,0) (7,7 (0,0)

(@9,

Figure 6. (Color online) Imaginary part of the spin susceptibility for the superconducting state. Input
values are: T' = 10K, Ay = 30meV, J; = 66meV, K1 = —0.2, A;, = 0.14, F; = 0.1. Vertical scale is in
1/eV.

F 100

m, eV
l

r 160

?TE,TE/Z) (m,m) (n/2,m/2)

(6,4

Figure 7. (Color online) The imaginary part of the spin susceptibility for the superconducting state in
region of (7, ) point. This region is usually probed by inelastic neutron scattering [27-33]. Input values
are: T =10K, Ag =30meV, J; = 66meV, K1 = —0.2, Ay, = 0.14, F, = 0.1. Vertical scale is in 1/eV.
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2.5

(m,0) §1

0.5
(1/2,0)

0.1
(6, 0

0 (0,0

Figure 8. (Color online) Fragment of imaginary part susceptibility in superconducting state along the
line in Brillouin zone. This region is studied by resonance inelastic X-ray scattering (RIXS) [34-38]. Input
values are: T'= 10K, Ag = 30meV, J; = 66meV, K1 = —0.2, A,, = 0.14, F; = 0.1. Vertical scale is in
1/eV.

0.09

0.08

r 1500
0.07

0.06 r 1400

®, eV

0.05
= 1300
0.04

0.03

0.02

0.01

(m,n/2)

(qX: qy) (m,m) (n/2,m/2)

Figure 9. (Color online) Fragment of the imaginary part of the spin susceptibility for the supercon-

ducting state near (m,7) point. Input values are: T = 10K, Ag = 25meV, J; = T0meV, K; = —0.2,
Agp =0.147, F; = 0.1, 8 = 0.6. Vertical scale is in 1/eV.
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Figure 10. (Color online) Fragment of the imaginary part of the spin susceptibility for the supercon-
ducting state near (m, ) point. Input values are: T = 10K, Ag = 25meV, J; = 76 meV, K; = —0.152,
Ay, =017, F, = 0.1, F; = 0.89. Vertical scale is in 1/eV.
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Figure 11. (Color online) Dispersion of the collective spin excitations calculated as a solution to the
equation (32) along the route (0,0) — (0,7) — (m,7) — (0,0) in the Brillouin zone for the normal state
(dashed line) and superconducting one (solid line). Parameters are the same as in Fig. 3.
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5. Conclusions and final remarks

The calculated results, shown in the previous section for the spin response near (7, 7) point of
the BZ resemble very strongly the experimental results reported by inelastic neutron scattering
for hole doped cuprates [27-33]. Both the upward and the downward dispersions are successfully
reproduced by our calculations. We have found that the fine features of the dynamical spin
susceptibility near (7, 7) point around the frequency 40 meV are very sensitive to the possible
variation of the spin-gap (Ag, = 0.14 or Ay, = 0.16) and superconducting gap (Ag = 25 meV
or Ag = 30meV) parameters. Relatively small changes of these values lead to quite essential
modification in the calculated picture. Under small changes of the input parameters the picture
with the intersection of upward and downward dispersions (or in other words X-shape ) in Fig. 4
and in Fig. 7 transforms to the so-called hour-glasses picture (Fig. 9).

As for the shape of the imaginary part of the spin susceptibility along the route (0,0)—(m, 0)
is very similar to those which was observed by inelastic resonance X-ray scattering (RIXS)
[34-38]. Generally, its dispersion is not so sensitive to the possible variation of the input param-
eters. Double shape form calculated by us here and in Ref. [20] was not observed experimentally,
probably because of the error bars in the current RIXS technique, which is about 300 meV [34-38].
It is interesting to note that the splitting between two mountain chain-like features, found in
Fig. 8, is sensitive to the superconducting gap values. This fact clearly demonstrates that these
mountain chain-like features are more related to the itinerant part of spin subsystem rather than
to the collective spin excitation of the localized spins. Another interesting observation is that the
calculated frequency plot of the collective spin excitations (Fig. 11) does not exactly corresponds
to the maximum positions of imaginary part, shown in Fig. 3. Especially this can be easily seen
for dispersions along the route (0,0) — (m,0). This observation strongly supports the idea that
peaks in RIXS spectra correspond to the spin excitations, which originate from paramagnon-like
features of the itinerant origin rather than magnon-like excitations, which would originate from
the short range order of the local spins at Cu sites. The latter explains better the nature of the
high-energy spin excitations near (7, 7) point with frequencies which are above 2A¢/h.
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Appendix A

M.V. Eremin, I.M. Shigapov, I.M. Eremin

Let us consider the commutator:

Using relation [AB,CD]| = A[B,C|D + AC[B, D] + [A,C]DB + C[A, D]B one has

—ioR: d
D Jue (S SF = SPST) Y tmdf T un

i, J,m

> Jue T (SEST = S{S), Yty ug
il 7,m
= =3 7 e Tty S (T — gk
n % S Jue it 5 w;qd,%l@pd B w;;d,iwl'¢7pd)
=D Tae ity g TplPST £y Tge it gty S
+ > Jue ity SpUPtpled = N Jye e Sry by [

1 iR
+ 5 2 Jue” oty (TPt — gty st

1 —ioR: d d d d
_ 5 Z Jie zqRthJ(w? ,T¢IT7P o wﬁ’ 7¢¢l¢71~’7 )SZ-I—

Doing averaging we focus on the quantities Jj <1/)pd 7] ’pd> and t; <1/)pd 7] ’pd> as suggested by
Kuz'min [16]. However, assuming that tlm@/)pd Typlipdy = ¢, m(¢pd Yo ’pd>, we can see that the
first two and the last two amounts in (1a) can be discarded. Further following Kuz'min sugges-

tion for third, fourth, fifth and sixth terms we get following expressions:

. 1 .
—iqR; d.| t,pd —iqR; d. tpd [ tpd  pd, pd pd,
§:Jz‘l€ zqR,t%W? iwlTp 53 = 5} :Jile iqR thW]? iwlTp [%Tp o T_%ip e i]
by oo ity Ty
_ _E :lee Zqut% wp Lpr wp Twl D
§ :lee Zqut Szwpd iw ,pd

1 i d dv o pd 1 _ion. d

iR, d,
=3 Tuem ity T

d d ,pd d ,pd
_ = Z Jye~ ZqRZtl mwT,pdwp b |:¢ZT7P 1/}120 g wiiyp 1/}120 7¢]

12

~ 1 —iqR; d d d
=3 Z Je Zqutl,mibyTﬁpdl/Jf 7¢<1/}110 7¢wi¢,p >

1 iR d
+ 5 2 Jae oty gl
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—igR; d d —igR; d pd
_ ZJile zqRthﬂ,Slzw;? 7¢w3‘71~’7 _ ZJile Zquthwag\’p w;’ o

6a)
1 —iqR; d d d pd 1 . 4o (
o 5 ZJNB ZqRth,i<¢f ﬁw?p >¢lT,p 7/)§) 4 5 Z Jie zquthlLiqbiT,p 7/)§) ,i.

Keeping terms containing J;; <1/)f d’T¢lT’p d>
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= S T R S TR (7a)
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Next we turn to the Fourier components:
= % Z S;reiqRJ', (8a)
¢§;d,¢ _ \/% ; YTk R, (9a)

After straightforward calculation the expression (7a) can be rewritten as

1
—§(Jk+q = Ji) (totg — )T/J/QMT/)Mi + (Jit1) [2 — cos gy — cos ] S - (10a)

Now, consider the remaining in Eqgs. (3a)-(6a) four terms:

1 —iqR, d 1 —iqR, d d
5 Z Jie zqRZtl,merr,Lpdwf ,iwj}T _ 5 Z Jie zquthw? 7¢1/}IT7P wiiyi
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(11a)
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d, d;pd, d_bpd,  pd. pd,
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Let us start with the following;:

+ Z Jye~ ZqR’t wpd T¢T7pd>wT,pd¢pd W+ + = Z Juye~ zqut <wpd l«¢¢7pd>wT7pd¢pd b

1 (12a)
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The largest terms are:
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In the uniform lattice (yP*?%) = (%), Therefore, the first and fourth (second and third) do
cancel each other.

Now let us discuss the role of the three-site correlations. After Fourier transform these
terms are written as

_ZleelkR”tlmed TwT,pd>wk,pd¢pd¢+ ZJ e~ ik+a)Ray, W}pd iwi,pd>¢k,pd¢pdi

Z

14a)
1 ; , d, d ,pd - d, d d ,pd (
_izjilel(k+q)Rh <¢p Tw 7pd>¢k,p pd,| Zlee ikRyiy ;i wp Lwl D >7/)k7p wp 4
lm
Performing summation over the square lattice we find
d, — d, d
- ijlelleltl <¢p TT/}de ijle Zth jz<¢p i’wl P >
i,m L,j
~J ) ) ) ) 15
= Jity (2050l + 0™ ) (cos g, + cosqy) (132)

ity (205 + W) (cos g, + cosgy) = 0.

Here <¢gd’¢¢%’p d> refers to the next nearest neighbor correlation. The hopping parameters t2=t02
and t3=t03 are not included into consideration.

Finally the anticommutator (la) is written as follows:

Z Jile_iqRi (SlJrSf - SlZSer)a Z tj,mwﬁ')d,oqbfﬁpd
il (16a)
— 1 — —
= Jit1 [2 — cos gza — cos qya] S — 3 Z (Jhktg — Ii) (bprqg — )wk,pdd}pdi
k

Here is, of course, an addition decoupling factor 5 = 1 is occurred, like factor « in Eq. (4).
Therefore here it is logical to change the definition J; as follows

= JBR" T, (17a)

It should be noted that our result (16a) is different from those which presented in the original
paper [16] by factor 2. Furthermore, we do not approximate additionally the last term in
Eq. (16a). The system of self-consistent equations for Green’s functions can be obtained (see
the main text), using expression for aticommutator, as it is given by (16a). Entering correlation
functions in the normal state are calculated as follows

<1/}pd iwiypd Z wpd ¢¢¢7pd> —ikR;j+ik' Ry
N
kK’

w/a w/a

_ P<i)2 / / cos <kafl + kyR?l> dkydk,.

2 1+ exp <?—B_j’$>

(18a)

—7/a—7/a

For nearest neighbors it is written as:

2
(gt ob = ap( 3 / / = () e (19a)
0

1 —|—exp

Here tetragonal symmetry in Cu-O plane is assumed.
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Appendix B

The Green’s function of itinerant part in Eq. (2) can be rewritten as follows [2]

Z (thtq — )<<7/)k7pd7/)pd + ‘S
=3 Z thrq = [wk”’dw”d ki Rk o )

In equation (16a) the last term can be rewritten as

1

2 > (Tieg = Ti) (thewg — ta) 7" 0 g

_% Z (jk‘f'q - 7k> (thtqg — )wk7pd¢pd¢
| k (2b)

1 — —
“oN (Jrrg — Tk) (thiq — tr) S
In case of square lattice
1 — — _
9N (Jk+q — Jk) (thtqg — th) = —2t1J1 (2 — cos gza — cos qya) . (3b)

Therefore the equation (16a) becomes

> Jue T R(SST = SFST) Yty U
il
= (4b)

2 — cos gza — cos qyal S

Tt
= 32 g = T0) (b — o) [Tl — oy,
k

»&IH

Using (1b) and (4b) we get the following expression for spin response function

XCeg + [2J1K1 (2 —7v9) — xe7) €
[% +77] Gy + [w2 —Qg — Jit1 (2 —7y,) —ntJ] ¢’

Xto;tal = (5b)

where

1 1
=~ an,q = 3 JaFrx(w,q)

P <Z o Pirg(firg = 1/2) = Us(fi — 1/2)
o w+ il + Ey — Eyiq

hrq(1/2 = frag) —t'u(1/2 — fr)
6b
+Zsyy W+ZF—Ek+Ek+q ( )
£y s  Urtrg(feg = 1/2) — t'e(1/2 — fi)
w+il' = By — Epiq
e P a(1/2 = frg) — (i — 1/2)>
w+ZP+Ek+Ek+q ’

as it was introduced in [2] and

1 _
nes(w, q) = —Nzk: thrg — th) [Thtq — Tk — 2w] Nig- (7b)

Note the denominator of the dynamical spin susceptibility can be written also via 7(w.q) func-
tion. Corresponding expression for 7/(w.q) in superconducting state can be found in Ref. [1]
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Appendix C

Spin-spin correlation functions.

The spin-spin correlation functions are calculated self-consistently via expression for the dynam-

ical spin susceptibility. It is useful to start discussion from the Fourier transform:
+ + zqRi i
(Si S - N2 Z (S *qu ‘s

Then to use Green’s function technique

wtis wfie]

5250 = [ L s 157,

—q~q 65“’—1 <<Sj|5:q>>

N dw _ . _ ;
— o [ o @ i) X (g i)
N _
/eﬁw_ Imx ™~ (g,w).

Imx"™ (¢w) = —Imx™ (¢, —w),

Since

integration can be carried out only by positive values w. Thus, one finds

1 dw 4
—Q+\ +,— tkR;;
(5; 5j>—m;/m1mx (g, w) ™

_ 1 a 2 dw 4 dw o R
= — % ///[eﬁw — ImX (q,w) - mlmx (q, _w)]e Jdk‘xdk:y

= 2 /// cth < ) Im x ™~ (q,w) % dwdk, dk,.
s

Sum rule.

The case i = j is used for self-consistent control. Since

,llz)il/nl/ + ,llz);l\vT + 2¢fd7pd — 1 _|_ 5’
,l/};r?T _ ij/v*l/ — QSlZ’

at (S7) =0, and <1/)fd’pd> = § one gets

S ( > / / / Cth( )Imx " (g,w) €17 duwdgrday.
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