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Expressions for the calculation of matrix elements of the Coulomb interaction of the electron with an
infinite crystal lattice in ion crystals have been obtained. In the general case, matrix elements are
calculated on the orbitals belonging to ions of different sites. Gaussian-type orbitals are used in the
calculations. All expressions are absolutely and rather rapidly converging series in the space of the
inverse lattice vectors. At present the value of this interaction being only one-center is estimated by
the Madelung constant, in other words, by calculating the electrostatic potential in the lattice site, i.e.,
inapaint.
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1. Introduction

The method of secondary quantization with a partly nonorthogona one-particle basis was devel oped
in [1-4]. Its application to admixture centers [4], when the overlap integrals of ion orbitals are
sufficiently small, allows one to build mathematically correct expressions for the perturbation-theory
series within virtual and rea charge transfer processes. To calculate physical characteristics of an
admixture center ab initio, it is necessary to separate an U-region around the admixture ion where all
interactions should be written exactly and the other part of the crystal, which is taken into account in
the ion approximation. It is convenient to present the charge of nuclei Z of ions in the U-region as
Z=qg+n+m [2], where q isthe charge of theion in the host crystal, n isthe number of electronsin

ions in the considered configuration, m is the deviation of the ion charge in the host crystal for the
considered configuration. Such a partition allows one to rather simply group al interactions in the
U-region, at least in ion crystals, with respect to their order of magnitude, e.g., when calculating the
crystal field parameters or amplitudes of the transition of electrons between ions [2-4]. Note that the
value of the ion charge — q in the U-region is a definite number and not a fitting parameter. In this

approach it is necessary to calculate two-center matrix elements (TME) and one-center matrix
elements (OME) of the long-range (LR) Coulomb interaction of an electron with an infinite crystal
lattice.

At present the value of this interaction being only one-center is estimated by the Madelung
constant, in other words, by calculating the electrostatic potential in the lattice site, i.e., in a point
[5-8]. The exclusion is [9], where the energy of the Coulomb interaction of the s-electron with the
infinite crystal lattice was cal culated.

The article below is arranged as follows. General expressions for the calculation of TME of the LR
Coulomb interaction of the electron with the infinite crystal lattice are derived in the second section.
Formulas necessary for the calculation of matrix elementson s, p, d, f orbitals of ions are given as
well. On the basis of the expressions for TME of the LR Coulomb interaction, the expressions for
OME of the LR Coulomb interaction are presented and particular cases are considered.
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2. General part

Let theradia part R, ion orbital
basis expansion (GTO)

Wam(r )> where the electron is located has the form of the Gaussian

Ry =2 ar' exp(-ar?). )

Let the first ion be located at the site with the radius-vector R, +r1;, R, =0. The second ion is in the
site with the radius-vector r,. The charge q, is in the site with the radius-vector R, +r,. Let us
denote ro =r, -1, Ran—(rj —rp), where R, is the vector of the n—th crystal unit cell, r; and
r, are the vectors of theions of the unit cell, &, & are the quantum numbers of ion orbitals.

The matrix element of the Coulomb interaction between the electron and the charge g, calculated
on the wave functions of the first and second ions has the form

0 e v [ U e o e LU U R

(Ry+r Rn—(rj—rp)”

We define the F(nn,n,) functions asfollows
27 F (nn,ng) =—q, > ab, [exp(—air®)xty"2 2 |r - R|7lexp[—,6k (r —ro)szxdydz. ?3)
ik
For example, the matrix element calculated on the | P, (r )> functions has the form
a, 3
(P g pe(r —10))= [ F (002)- 2 (001 @

Let us further present the F (nn,n;) functions in a form convenient for calculations. To this end, we
perform transformations used in [2]

1 2
.
3
, o U? 1 )2, du
- , dv=— 6
v 1-u? [aik+v2J o ©)

where ¢, = o; + ¢, . After transformations (5) and (6), the integration over X, y, zin (3) is reduced to

table integrals [10] and the following expression is obtained for the F (n,n,n,) functions

1 {%} u2\™s  ng-2m Ng=2Mg—Wg
F(%%):_q”i,zk&b{ Mdulsl nlz (1 )ms' zo [(vtl(ri)—zrr}g—ws)! . @)
><exp[—04k(R—c)2 uﬂexp( 0;’[5“ ron
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where [n, /2] is the integer part of a number in brackets; Xy =X;, %o = Yo, X%z = Z denote the
coordinates of the vector r,; C,=/f X%/, denote the components of the vector c;
R =R, R, =R, Ry =R, denote the coordinates of the vector R . After multiplication of three curly

bracketsin (7), the multipliers of the form
(R-c)* (R =) (R~ ;)" exp| —ay (R—c)u” |, ®)

where N, =n, —2m, —w,, are presented in each term of the resulting sum. According to the above
notation R=R, —(rj —rp) . Weintroduce a vector r =r; —r . Since the ion positions in the unit cell

are rather arbitrary, we consider that the vector r is defined in all points of the unit cell and let us
introduce the D(r, fi,,fi,,f;) function whose domain is the unit cell

(1 .y ZH{ ) exp -y (R =%, - )0 ], ©)

where =X, X, =Y, X; =2z are the coordinates of the vector r; R, =R, R,=R,, Rz=R,

denote the coordinates of the vector R,,. The D(r, i, fi,,fi;) function isa periodic function of r with

the period of the crystal unit cell (see, e.g., [11]) and the same asin [11], when the Fourier coefficients
D(g, fi,,f,,A;) of the D(r,A,f,,f;) functions are found, integration over the unit cell can be
reduced to the integration over the whole space. Thus

D(r,fy,f,, Ay ZD 9. i, 1, iy )expli (gr) ], (10)

D(g, M,y 1) = Vi [xy™ 2" exp{~[ ar?u” +i(gr) | | dxdydz exp[ i (go) ], (12)

where v, is the volume of the unit cell, g is the vector of the inverse lattice, i is the imaginary unit.
By performing integrationin (11), we obtain

7 ey (1) 3] (-igy) 2 (1 ™"
(“_.J g“s-(ij r=o hy!(1 —Zhs)!LO’ikuzj

X(u_lgjexpﬂ_ g ~ |exp[-i(ge) ],

4o, U

(12)

where g, =9,, 9,=0,, g3=9, ae the coordinates of the vector g. Let us further introduce the
Fi» (nnung) functions. To this end, we substitute R=R, —r into expression (7) and perform
summation over vectors R, with the use of expressions (9)-(12), then we substitute r =r; —r, into
the obtained expression and perform summation over vectors r, of the whole unit cell. These

calculations are bulky but rather simple and as a result, we obtain
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3 5
x? 1)2 ob, 5\t (1)3
F, = ninmYab | — 92 | fdul =
i (N, ) e mLZkabk(%kj eXp( o ro]l ul -

(13)

X2 o (M9, Fio (M2 9y) f;b(nsvgz)exp[— o ZJ{quexp[iG(n —rp)]JeXp[-igc]’

g 44 u

where

n n-2m-w

H —u?)" nezm Lo \n2mw [7} o w7
(ng) =3 ) S e CI S

o (40, )" ml 4o WH 205, & hi(n-2m-w-2h)!| g

Then we obtain the explicit expressions of the f, (n, g) functionsfor thevalues n=0,1, 2,3 4

BXos - 1_, 1
Z, =" _j 3 - f (0,0,)= f. =2y, f.(2,04)==2Z5+—,
T 20, w(00:)=1 Tinll0.) w(20:)=5 Aty
(15)
1 1 1 1 1
fin (3, —Z23+—7., f. (4 —Zi+ =272+ .
0(3.8:)= 5% 4oy, n(486) =5 8y, 3207

It is seen that the fib(n, gs) functions do not depend on the parameter u . Below we will call the sum

over theindex p in parenthesesin (13) asastructural factor G; (9). Itispresented as follows
G,(9)=6"(0)+i6" (9)=Za, e ig(r; -1, ) |

G (g)=cos(gr; ) F.(a)+sin(ar; )F,(9).  G?(g)=sin(gr;)F,(9)-cos(ar; )F,(g). (16)
F(9)= %qp cos(grp), F,(9)= %qpsin(grp).

By substituting (16) in (13) we obtain for the Fy, (nn,n,) functions

o= vnnigen (ool ol

XZ fin (M1, Oy ) fjb<n21gy) fjb(ns,gz)exp(—ArO?zuszj (g)exp[—i (gc)].

g ik

17

By performing integration over the parameter U in (17) we obtain the final expression for the
Fio (nn,ng) functions

Fio (nnong) =—

g2 o 2

c ik

Xzfjb(nlvgx)fjb(nz,gy)fjb(ns,gz)exp(_g_szjg(zg)

g 40i

(18)

Now we introduce the operator H  of the Coulomb interaction between the electron and the infinite
crysta lattice
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B R
pIr —(R, +r ‘

<y/§(r—rj)‘HLR\Wf,(r—rb)>=<y/§(r—rj)‘—z e (r=ry)).-

Thus, the matrix elements of the operator H , calculated on the orbitals of the lattice ions are

expressed in terms of the Fy, (nn,n;) functions. For example, we obtain for the |pz(r)> and

p,(r—ro)) orbitals

<pz(r)| Hog| P, (r —r0)> zg[Fjb (002) - zyFy, (001)] : (19)

One-center matrix elements

One-center matrix elements can be expressed in terms of the F; (nn,n;) functions. To find these

functions, it is sufficient to take r, = 0 in (18) and we obtain

F; (nnyng) =—=——n,!n,! ns,Zab{ ] > f(m.g,) (nz,gy)f(ns,gz)Gg(zg) (—%J (20)

c ik

The f(n, g) functions are obtained from expressions (14) for the f,(n, g¢) functions, if only the
terms with the index w=0 are kept there. To obtain the f(n,g,) functions for the values
n=0,1234, it is necessary to assume X,, =0 in the expression Z, in formulas (15). The f(n, g)

functions for the values n=5,6 are given below

— 9 1 5 1 3 1
_|_S, f 5, R i +
= 2O‘ik ( ? ) = ~ 2 IOtik 57 320‘|2k =

(21)
1, 1 , 1 , 1

f(6,0)=—2z + + + :
(6:.) 6! geaikzs 64aii23 3840z,

Thus, all matrix elementsfor the s, p, d, f orbitals of ions are determined.

Particular cases

The matrix element of the operator H,; on the
F,(9)=0, ry=(X,,0,0) according to (18) and (19) is expressed in terms of the function

§ Oﬁﬂk 2 7[2 nz ? 1
P (002)=5, wzab{ ] (a—ikxolx,nzy,ia:(ﬂ ‘z}

xcos{Z;{[xi—%ﬂ“jnx+yjny+zjnz}} ::(n:nyz,nz) - (22)
BEHEGI

p,(r)) wave functions and at

>

Z

c

b

R BEHEOI
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where F,(g)=F (n n,,n ) g:(27z n/a2zn, /b, 2z nZ/c), a,b,c are the lattice constants. The

o Ny N,
quantities x;, y;, Z;, %, in the argument of the cosine are given in relative units.

The one-center diagonal matrix elements calculated with the help of (20) are the energy E; of the
Coulomb interaction between the orbital electron located in the site r; and the crystal lattice, including
the interaction with the charge q; located in the same site. At the same time, it is natural to refer the

interaction between this electron and its nucleus to the Hartree-Fock energy [2-4]. In this case it is
necessary to exclude the interaction between the considered electron and the charge g; from the

energy E; , i.e, tointroduce the quantity E, () defined asfollows (in[9] it is denoted as Egr)

E;(v)=E; -qE, (23)
where E, is the interaction between the considered electron and the unit positive charge at the same
site, y istheorbital. The energy E, can be expressed in terms of the F,(n,n,n;) functions, which are
determined by formula (3), if r,=0, R=0, g, =1. If it is taken into account that F,(nn,n;)#0

only when n;, n,, n, are even numbers, then, according to (7), we obtain

1+m
__ninn!  ml
Fo (N, == i 27 (ame ,!Za\ak{ j , (24)

where n, =2m, n, =2m,, N, =2m;, m=m +m, +m,.

We write below the expressions F, (n,n,n;), which are used further

(000) = ank( j F, (200) = F,(020) = F, (002) = _%Zk [aij

%)

(25)

a

5 (220) ——ank[ ja F, (400) = F, (040) = Z {

ik

According to (20) and (25), the energy of the interaction between the arbitrary s-orbital E; (s) and the
lattice determined by (23) can be written as

3 1
7z2 Ar G (g g° (%jz
E, ( Za,ak{alkj > ( 40{k]+2qj . . (26)

Vc g g i

Let us denote the expression in square bracketsin (26) as Egl) (s) and assume ¢, =2 then

1
4 —G;(9) g° 2002
EW(s)=-25 10 oy 2 ( j . 27
] () VC - gz p 80( + qj T ( )

The expression (27) is the energy E;(s) for the s-orbital composed of an exponent with the

index a [9]. The ajr value is determined in [9] analogous to the Madelung constant ¢,,. The

congtant ¢z} for the NaCl crystal was calculated in [9] for different o values with the accuracy of up
to 25 digits after the decimal point. For example,
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a=0.1, o? =1.7429785198333593881232629,
o=1, a? =1.7475645946331821906362119,

=10 and @ =100, o) =1.7475645946331821906362120 .

The Madelung constant ¢, for NaCl calculated by direct summing in [12] with the accuracy of up to
25 digits after the decimal point is

oy =1.7475645946331821906362120.

It is seen that one and the same number (with given accuracy) isin the expression (26) for the arbitrary
s-orbital in square bracketsif ¢, =4 (a =2) by the order of magnitude. In the case of NaCl, for such

o, the energy Eﬁﬁ(s) =0.32851544 a.u. given with the accuracy of up to 8 digits after the decimal

point coincides with the Madelung energy. The explanation of this fact is obvious. According to the
Gauss theorem, if a spherically symmetric charge distribution does not overlap with a point charge,
this charge distribution can be considered as the point charge as well.

Below we consider p-orbitals. According to (20), (23) and (25), the energy of the interaction
between the p,-orbital E; (p,) with the crystal lattice can be written as

5

1 1

312 12|47« 62 ,)Gi(9) g? ) 4 (wka
E(p)="""Saal| = [ |23 S 4 - Zq | 2k 28
(P)="5 i,quakiaik] v Z(Zaik j ¢ T\ e ) 30 =

c 9

The expression in square brackets in (28) is denoted as Egl) (py) and we assume ¢, =2 then

1

ar(g? .)\G(9) g°) 4 (205)2
E(l) — = _1 ]—ex — | +—q.| — | . 29
i (P A 291(40: J g° P 8a Sq’ T ()

The expression (29) is the energy Ej(px) for the p,-orbital composed of an exponent with the
index « . Structura factors G, (g) for the NaCl and KMgF; crystals are given in [9]. The calculations
according to the formula (29) for the Naion in the case of the NaCl crystal for the values o =1,2,5

give the value E,(j;( p,) =0.32851544 au., i.e.,, the Madelung energy. The calculations according to
the formula (29) for the Mg ion in the case of the KMgF; crystal for the values =1, 2,5 give the

value E{), (p,)=0.82429794 au., i.e, the Madelung energy [9]. The explanation of this fact is also

obvious. The crystals are cubic and the quadrupole interaction for the p orbitalsis zero. To calculate
the energies of the p,, p,-orbitals, it is necessary to substitute the explicit variable g, in (28) for the

variables g,, g, , respectively.

For example, the interaction between the crystal lattice and the ‘dxy (r )> and ‘dxky? (r )> orbitalsis

determined following F; (nn,n,) functions:

3 7
372 1 )2 4 2 1)\G(9 g
I

e Tk q 204 g
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The F,; (040) function is obtained by substituting the explicit variable g, in (30) for the variable g, .

F, (220) ——ank[ JYZA 9, —1}[ 9, _1JG;(29)exp[_9_2J. (31)

2V, ix 204 204, 4oy

In conclusion of this section, we present the expression for the F; (nn,n;) functions in which

numerical integration is used. It can be useful when the ¢, values are rather large

3

Fj (nnyng) = ——nl'nznqupZabk[ f jdu( j

(32)

X{lﬁ[[Z f (ns,gs)exp[—4 0. 5 +igs(X;s—Xps)H— f(m,0) f (ny,0) f (%0)},

where x;; =X;, X;, =Y;, X;3 = Z; are the coordinates of the vector r; and analogously X, are the
coordinates of the vector r . The second term in the formula (32) eliminates the divergence at g=0.

If the expression (20) is called the “exact valug”, then the formula (32) gives the values which in the
most cases coincide with this “exact value” to 8-10 digits after the decima point already in the
calculations with the accuracy set in the programs by default.

3. Discussion

The above TME and OME of the LR Coulomb interaction between the electron and the infinite crystal
lattice arise naturally within the approach of [1-4]. The comments about TME follow. For ion crystals
or admixture centers in ion crystals, TME is small when the region of the overlap of anion and cation
orbitals coincides with the region of the change of the electrostatic potentia sign. However, if the

average values (r) of the orbitals of ions considerably differ, the value of these matrix elements may

be noticeable and they have to be taken into account in the ab initio calculations. In our opinion, the
two-center matrix elements should be also estimated in the calculation of the amplitudes of the charge
transfer over the anion or cation sublattice, since the overlap region fits the region of the constant
electrostatic potential sign. For example, the amplitudes of the transition over the oxygen sublattice of
LaCuO, were caculated in [13]. The value of these amplitudes is within 0.4+0.6eV but only the
short-range interaction in taken into account. At the same time, for &’ -NaV,Os according to (19) and
(22) the value of the corrections from the long-range Coulomb interaction over the
o -bond =-0.105eV, and that over the x -bond = 0.174eV. Thus, in the general case the long-range
Coulomb interaction should be estimated when such amplitudes are calcul ated.

Conclusions

In the general case, the U-region around the admixture ion or the unit cell determined above is several
coordination spheres, where the short-range interactions can be written exactly. Formulas obtained in
this work allow one to rather exactly take into account the long-range Coulomb interaction as well.
Hence, we obtained a method for the ab initio calculation of physical quantities in the U-region, at
least at rather small overlap integrals needing no introduction of any parameters.
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