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 OPQRPS TUVSWOXYZP[\]W^ QWT_[Y `PXXPOTP aW[Vb_]c dWOQV[c T[e RUPfYbPgZYb]WhW ga_RZOP U i]_Oh_ZYb_gRYS fW]PS, hYXOYTYfWUP]]cS P]T_OgW]WUgRYQ UfPYQWT_^gZUY_Q. j_O_SWT R Wa_OPZWOPQ `PXXPOTP, Y TYPhW]P[YfPkYe WT]WVf_[\]W^ bPgZY Wa_OPZWOP lPQY[\ZW]P aWfUW[Y[Y ]PQ g aWQWm\n Z_S]YRY dV]RkY^ lOY]P Vb_gZ\ Q_oVf_[\]W_ UfPYQWT_^gZUY_ Y YfVbYZ\ gU_OSaOWUWTemY_ gUW^gZUP QWT_[Y. jO_TaW[PhPe, bZW idd_RZYU]WgZ\ hYXOYTYfPkYY i[_RZOW]WU gUefP]P g PQa[YZVTW^ [WRP[\]cS RW[_XP]Y^ YW]WU, Qc WaO_T_[Y[Y fPUYgYQWgZ\ Z_Qa_OPZVOc gU_OSaOWUWTem_hW a_O_SWTP (Tc) 
WZ QPggc YW]WU (p) Y U_[YbY]V YfWZWaYb_gRWhW idd_RZP α = ( M / Tc ) ( dTc / dM ). jW[Vb_]]c_ fPUYgYQWgZY aPOPQ_ZOP α WZ RW]k_]ZOPkYY ]WgYZ_[_^ ZWRP Y i]_Oh_ZYb_gRYS aPOPQ_ZOWU i[_RZOW]]cS UfPYQWT_^gZUY^ aWfUW[enZ gT_[PZ\ UcUWT W ZWQ, bZW U ]_RWZWOW^ WX[PgZY f]Pb_]Y^ iZYS aPOPQ_ZOWU U_[YbY]P YfWZWaYb_gRWhW idd_RZP QWo_Z XcZ\ gVm_gZU_]]W^. 
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The two-orbital Hubbard model is used to obtain formula for the fermion excitation spectrum in the energy bands hybridized 
by Anderson’s interaction. A transition to the Hubbard operators diagonalizes the one-site part of the Hamiltonian and 
allows us to use Green’s function technique to take into account the interstitial hopping term, while studying the 
superconducting properties of the model. By proposing the dependence of the matrix element responsible for hybridization 
of p- and d- electronic states on the ampltitude of local vibrations of ions, we determined a value of isotopic effect 
α = ( M / Tc ) ( dTc / dM ) (M – mass of ions). The dependence of α upon carrier density and energy parameters determining 
the intra-atomic correlation is analyzed. It was concluded, that at some values of parameters the isotopic effect in Tc can be 
large enough and the model under consideration can be used for the description of the isotopic shift in Tc for a number of 
superconductors. 
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I. ��
�
��
 ������������� �������� ������� ���� !����"�#���� � #��$�������"�%  ���"������  �����%�$&�� ���'�� !� #��(�# !�����$#, � ��# ����� ��-�$ ���'��& !����"% ������$��#�%  )�������-)��������%  �������*�& [1,2,3]. +#���� � ��# ������� � !��,��#� ������������� ���� !����"�#���� � �$��  ���"������ , �$� La2-xSrxCuO4, 
YBa2Cu3O7-

-, Tl2Ba2CuOy 
� "��(� , �� ���$,��$��. .$ �$/ ��(��", �"�$ �� ���#�'�%  !�����, �$���%�$01�  !��-��"� #� $���#$ ���� !����"�#����, !�-��"�#�#�, ����� ����$�$ � ��������# �����!������(� )22���$ � �$��  ���"������ . 

+
 �$����1�& �$,��� #%, �� �"� �� !��"!���'���� � ��#, ��� )22��� (�,��"��$*�� <- � d- )��������%  ��������& �$����� �� $#!����"% ����,$��& ����� #�"� � !���*��  Cu(II), �!��"����� �,�$��3 ��$����& !$�$#���$ �����!������(� )22���$ α = ( M / Tc ) ( dTc / dM ). 

 
II. 456789:65;<= 75>?9: @ABCD BEFGHAI GJBKGAJH GFLIMB NBOOPLFOBJHMMBK GFGAPQD RLPNAOBMBJ SHEFTPQ GLPUVWXFK YHQFLIABMFHM [4,5]: 

 0 int 0i ij is jsH H H H t C C+= + = +∑ ∑  (1) 

 
0

1

( ) ( )

( ) ( )( )

( ) h.c.

i ia ia ic ic ia ia

ia ia ic ic ia ia ia ia ic ic

ic ic i i i i

H n n n n E n n

H n n n n I n n U n n n n

U n n Q a C a C

µ

λ

↑ ↓ ↑ ↓ ↑ ↓

↑ ↓ ↑ ↓ ↑ ↓ ↑ ↓ ↑ ↓

+ +
↑ ↓ ↑ ↑ ↓ ↓

= − + + + + + −
− − + − + ⋅ + + + +

+ + + +

 YUP isC+ , isC  F isa+ , isa  – EBLPJDP BEPOHABOD, GBBAJPAGAJVWXFP p- F d- RLPNAOBMHQ MH VSLP i G EOBPNZFPK GEFMH s; 
ias is isn a a+=  F ics is isn C C+=  – BEPOHABOD [FGLH RLPNAOBMBJ; Si 

F si – BEPOHABOD GEFMH p- F d- RLPNAOBMBJ; µ – \FQF[PGNFK EBAPMZFHL; H – EOFLB]PMMBP QHYMFAMBP EBLP; E – BUMB[HGAF[MH^ RMPOYF^ d-RLPNAOBMBJ; I, U, F U1 – RMPOYPAF[PGNFP EHOHQPAOD, BEOPUPL^WXFP JMVAOFHABQMDP NBOOPL^ZFF; I – \HCCHOUBJGNBP JSHFQBUPKGAJFP LBNHLFSBJHMMD\ RLPNAOBMBJ; U – QP]BOCFAHLIMBP NVLBMBJGNBP JSHFQBUPKGAJFP p- F d- RLPNAOBMBJ; U1 – RMPOYF^ BAAHLNFJHMF^ p- RLPNAOBMBJ MH BUMBQ VSLP; _Q – BEPOHABO, BAJPAGAJPMMDK SH YFCOFUFSHZFW p- F d- RLPNAOBMMD\ GBGAB^MFK. `UPGI QD EOPUEBLHYHPQ, [AB RABA BEPOHABO EOBEBOZFBMHLPM BEPOHABOV GQPXPMF^ Q FBMH FS EBLB]PMF^ OHJMBJPGF^. Hint 
BEFGDJHPA QP]VSPLIMBP AVMMPLFOBJHMFP p- RLPNAOBMBJ G AOHMGEBOAMDQ FMAPYOHLBQ tij. aFHYBMHLFSHZF^ BUMB^[PP[MBYB YHQFLIABMFHMH H0i, 

VGOPUMPMFP EB NBLPCHAPLIMDQ GBGAB^MF^Q FBMH (QD BYOHMF[FLFGI SUPGI QBUPLIW bKMTAPKMH EOF BEFGHMFF LBNHLIMD\ NBLPCHMFK FBMH) F EPOP\BU N BEPOHABOHQ cHCCHOUH q
pX  EOFJBUFA N GLPUVWXFQ OPSVLIAHAHQ UL^ JBLMBJD\ dVMNZFK F RMPOYPAF[PGNBYB GEPNAOH: 

 0 00, 0,0E ψ=
 – JHNVVQ; 

 2 2 2 1/ 2
, ( 2 ) / 2 (( / 2) ( ))e fE E H E Qµ λ= − + − ± +  

 , cos( ) ,0 sin( 0, )A Bψ α α= + ± + ; 

 2 2 2 1/ 2
, ( 2 ) / 2 (( / 2) ( ))C DE E H E Qµ λ= − + + ± + ; 

 , cos( ) ,0 sin( ) 0,C Dψ α α= − ± − ; 

 ,0 0,0 ; 0, 0,0is iss a C+ += + = . 

 2 2 2 1/ 2cos( ) /( ( ))Z Z Qα λ= + ; 
2 2 2 1/ 2sin( ) /( ( ))Q Z Qα λ λ= +  

 

2 2 2 1/ 2

2 2 2 1/ 2

(( / 2) ( )) / 2, if 0

(( / 2) ( )) / 2, if 0

E Q E E
Z

E Q E E

λ

λ

g
+ + >h

= i
+ − >

hj  

 , 2 2F GE U E Hµ= − + ± ; 

 , ; ,F Gψ ψ= + + = − − ; 

 2TE U Eµ= − + ; 

 { }1/ 22 , ,sψ −= + − − − + ; 

 , 0,0 ;
i i

a C+ +
↑ ↑+ + =  , 0,0

i i
a C+ +

↓ ↓− − = ; 

 , 0,0
i i

a C+ +
↑ ↓+ − = . bMPOYF^ UJV\[HGAF[MD\ GBGAB^MFK EK, EL, and EM QB]PA CDAI EBLV[PMH FS OPTPMF^ NVCF[PGNBYB VOHJMPMF^: 

 
3 2 0X AX BX C+ + + = ; (2) 

 1( 3 )A I U U E= − + + + ; 

 2 2
1( 2 )( ) (3 ) 4( )B I E E U U E U I Qλ= + + + + + − ; 
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 2 2
1 12( )( 2 ) ( )(2 )C Q I E U U E U E Iλ= + + − + + . �BOMF { }mX X=  VOHJMPMF^ (2) BEOPUPL^WA 

 , , , , ,: 2K L M m m m K L ME X Eµ == + . �BGLP AB[MBK UFHYBMHLFSHZFF BUMB-VSPLIMBK [HGAF �HQFLIABMFHMH (1), PYB QB]MB SHEFGHAI [POPS UFHYBMHLIMDP BEPOHABOD 
cHCCHOUH q

pX  J GLPUVWXPQ JFUP [6]: 

 0 , 0p
i p pH E X p , A, B, , K, L, M.= =∑ � ; (3) �EPOHABO Hint, 

BAJPAGAJPMMDK SH EPOPMBG RLPNAOBMBJ QP]UV VSLHQF, QB]PA CDAI EOPUGAHJLPM [POPS NJHUOHAF[MVW dBOQV MPUFHYBMHLIMD\ \HCCHOUBJGNF\ BEPOHABOBJ: 

 int ( ) ( )ij is isH t g X g X∗=∑ . (4) ����� !�" isC+  # isC  $ intH  $"��%�& '( )���* !���� !�" +�,,��-� '.�-/&0#1 !,��*!1: 

 
0cos( ) ( )K DC
A C Ki i

C X R X g Xα+ ∗
↑ ↑= + =

; 
 0cos( ) ( )K BA

C A Ki i
C X R X g Xα+ ∗

↓ ↓= + = ; 

 1 3 1 3 1 2 2 1( )cos( ) / 2 ( )sin( )K K
C AR R C A A C C A C Aα α= = − + − ; 

 2 2 1/ 2
1 21 13 2 21 1 3 31 1(1 ) ; ; ;A A A A A A A A A−= + + = =  

 2 2 2
21 ( 2 ) / 2( );LA E E I Qλ= − − 2 2

31 1( 2 ) /( )L LA E E I E U= − − − ; 

 2 2 1/ 2
2 12 32(1 ) ;B B B −= + + 1 12 2;B B B= 3 32 2B B B= ; 

 2 2 1/ 2
3 13 23(1 ) ;C C −= + + 1 13 3;C C C= 2 23 3;C C C=  

 2 2 2 2
13 1( )( ) 2( ) / 2( )K KC E E U E U Q Qλ λ

2 3 2 3
= − − − −4 5 4 5 ; 

 2 2
23 1( ) / 2( )KC E U Qλ= − . 6

 -�.78�9:�1 1" !;��8#)#1'( 8#%8�9 )�' 7& '��< �� # ,/-�1 ��''1� �#$� 7  !.7<! !-8!)�' #)8"� '!' !(8#( Ψ= # Ψ>, -$/?)�' #)8!� '!' !(8#� ΨK # $�<//18!� '!' !(8#� Ψ0. @'?!-( #* A #? /'.!$#9, # ��!$!-( �8�.!;#)8"� ��,! �1 [6,7] ��')� ", 1" �!./)#.# '.�-/&0�� $"��%�8#� -.(  �1���� /�" '$��?��!$!-(0�;! ����?!-�: 
 

[ ]1/ 22
10 10 02 0,57 ( ) ( / ) exp 1/ ( , )cT W W W W A n tξ ξ

B C
= − − −D E

; (5) 
 2

10( ) 2( ) ( / 2)
C

KW R nξ − = − ; 

 10( ) ( ) / 2W B W Pξ µ + += − + − − ∆ ; 

 0 0 0( , ) ( , ) / ( , )A n t n t n t= Γ Λ ; 

 
{

}
2

0 0 0

2
0

( , ) cos ( )(1 / 2)( )( )

( ) ( / 2) ( ) ;

C K C

K
C A A K

n t t n E E E B t

R n E E E B t

α −

−

Γ = − − + +

+ − +
 

 [ ]0 1 0( , ) (2 ) (2 )n t W B B B tµ µ+ − +Λ = + ∆ + ∆ + ∆ − . 

 
1/ 2

2 2 2
1( 2 ); ( ) 4( )KE E sign E E Qµ λ

F G
∆ = − + ∆ = ∆ + − +H I ; 

 2/ 2 / 2 2( / 2) ( ) / 2K
CWB n W R Pµ + −= −∆ − + − ; 

 { }1/ 22 2 2
1 1 12P B W B W B W± + − −= ± ∆ + ∆ + ∆ ; 

 2 2cos (1 / 2) ( ) ( / 2)K
CB n R nα± = − ± . J���1� �" 0 0 10( , ), , ( )A n t t Wξ  -!.%8" /-!$.� $!�( 7 /'.!$#(1: 

 0 0 10( , ) 0; ; ( ) 0A n t W t W Wξ> − < < ≥ . K-�'7 W – �!./:#�#8� 8#%8�9 -#'���'8!9 ?�,,��-!$'<!9 �!-*!8" ' <!8L�8 ��L#�9 8!'# �.�9  !<� n. 
 
III. MNOPOQRSTUVRW UXYRZ 6

 1!-�.# [98: �98� *�$#'#1!' 7 1�%-/ '��-8�-<$�-�� #)8"1 '1�0�8#�1 #!8� 2( )Q  # �;! 1�''!9 \ 8!'#  '.�-/&0#9 ?���< ��: 
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 2 1/ 2( ) ~Q M − . (6) �
������ ��� �����������, � ������� ����� � ! � Tc (5)  "#$� �� �
��� ����%"&�" ! � �����"��� �������
"�$�#� ���"$�� ': 

 2 2( / )( / ) (( ) / 2)( (ln ) / ( ))c c cM T dT dM Q d T d Qα = = −  (7) 

 

()*.1.+,-)*)./*01 2,3,.403, )5/0/2))64*7/8/ *9-)8, : /0 .,03)6;/8/ <=4.4;0, |λ < Q >| / W 23) *=49>?@)A 5;,64;)BA <;43840)64*7)A 2,-3,.403/-: E/W =  –1.0, U/W =  2.0, U1/W =  1.0, 
I/W =  3.0. C,D9,B 73)-,B /0-46,40 *-/4.> 5;,64;)? 7/;E4;03,E)) ;/*)04=4F (n = 0.67, 
0.7, 0.75, 0.8, 0,85, 0.9). G4. -HI4 23/A/9)0 73)-,B, 04. J/=1I4 <0/ 5;,64;)4 

 

()*.2.+,-)*)./*01 2,3,.403, )5/0/2)64*7/8/ *9-)8, : /0 
K

 23) 3,5=)6;HA 7/;E4;03,E)BA ;/*)04=4F 23) *=49>?@)A 5;,64;)BA <;43840)64*7)A 2,3,.403/-: |λ <Q> | / W = 2.0; U / W = 2.0; 
U1 / W = 1.0; I / W = 3.0. L,J/3  73)-HA /0-46,40 04. D4 5;,64;)B. 7/;E4;03,E)) ;/*)04=4F, 60/ ) ;, 3)*.1 

 

()*.3. +,-)*)./*01 2,3,.403, )5/0/2)64*7/8/ *9-)8, : /0 2/=>I)3);H A,JJ,39/-*7/F 2/95/;H W 23) 3,5=)6;HA 7/;E4;03,E)BA ;/*)04=4F 23) *=49>?@)A 5;,64;)BA <;43840)64*7)A 2,3,.403/-: E / W = –1.0; 
E / U1 = –1.0; U / U1 = 2.0; I / U1 = 3.0. L,J/3  73)-HA /0-46,40 04. D4 5;,64;)B. 7/;E4;03,E)) ;/*)04=4F, 60/ ) ;, 3)*.1-2 

 

M� ����&$�N 1-3 ����"!"&� ����������� �����"��� α �� �&"�#"��
"�$�N �����"����, N���$�"�������N �&��������&�" $���" �O��, �� �
"&&�" ��� ���&�N $�&O"&���O��N &����" "P ��$�. Q���$�"�&�� ! � ��"N #����$�� �� �"��� ��, 
�� ��!� � �����"��� �������
"�$�#� �!��#�, $�$ ����� �, �&�
��" �&� �"&�R" �&�
"&�� 
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|'| = 1/2, �����"�������"#� ��&�&&�P ��!" � ��"�N�����!������ 
��. ��"��" � �"�, �� ��%"� ��!������ �����"��� ��!" � ��$, 
�� �&�
"&�� |'|  ��#�� ��"�� �" �
�&� ����&���� � !�%" ��"��R����� 1/2. 
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