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Using the stationary perturbation theory the equations for small polaron energies are obtained.
This polaron has small spatial dimensions - only three equal atoms of a linear chain. The initial
Hamiltonian has the contributions related to electron hoppings between the atoms, interaction
of electron of the central atom with its oscillations and anharmonic contributions to the energy
of its oscillations of the third and the fourth orders. The obtained analytical expressions give
evidence that the polaron states with the fully filled (or significantly filled) atomic orbitals have
the lowest energies that is in agreement with the results of numerical calculations available in
the literature.

PACS: 71.38.Ht, 71.38.-k, 31.15.Md.

Keywords: small polaron, linear atomic chain, perturbation theory

1. Introduction

A linear chain of atoms with significant interaction of electron hoppings between neighboring
atoms with vibrational degrees of freedom is a traditional model of polaron states [1,2]. Often
the studies of the properties of these polaron states are carried out using numerical methods,
(see, e.g. [3]).

We will consider the problem by using the simplest model of a linear chain of identical atoms
with linear interaction between electron hoppings of atoms and their vibrations to solve the
problem of the energy spectrum of polaron states in an analytical form using stationary pertur-
bation theory. In order to subsequently compare the obtained results, we used the Hamiltonian
close or similar to that used in [3]. Bearing in mind the nature of small polaron, we will consider
the three neighboring atoms (n — 1,n,n + 1), where only n-th of these oscillates. The fact is
that a monoatomic linear chain of atoms has the most short wavelength oscillations with the
wavelength A\pin = 2a, where a is the distance between the nearest atoms in the chain, for which
corresponds the wave vector ¢ = 7/a and the maximum frequency wese = Wmax = 21/ /1, where
B is the elastic constant and p is the mass of the atom participating in this oscillation. The
central atom moves in antiphase with its nearest neighbors n—1 and n+1, that qualitatively cor-
responds to the oscillation of only the atom n. The group velocity Vg = a+/3/u| cos(ga/2)| = 0
for oscillation with the wavelength Apin = 2a and the wave vector ¢ = 7/a with which the
oscillation energy is transferred, is equal to zero [4].

2. Calculation details and results

For the purpose of the simplest comparison of our results we will use the Hamiltonian similar
to [3]:

H=H+ 1™, (1)

tThis paper is dedicated to Professor Boris Z. Malkin, who made a significant contribution to the field of magnetic
radio spectroscopy in Kazan University, on the occasion of his 85th birthday.
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where
o = FISI + I:Ic())sc? H™ = ﬁé?—tel + ﬁé?—tosc (2)
ﬁg = hwey (a:_lan—l + ay an + a:+1an+1) ’ (3)

where a; and a,, are the creation and annihilation operators of electron in atom n, respectively.
We introduce the wave functions of electron in representation of electron filling factor |1;}
and |0} existing or absent on atom k, respectively. Here, for the electronic functions we will
use the special brackets |1;} and |0x} in contrast to oscillation wave functions |m,). At that
az'\lk} = 0, a:\Ok} = ‘119}7 ak\lk} = ‘Ok}, ak|0k} = 0, a,':ak]lk} = ’1]{}, and a:ak\ok} = 0 for
k=n—-—1nmn+ 1.

HY,. = hwose <b:bn + ;) : (4)
where b and b, are the creation and annihilation operators of oscillation quantum for atom
n. The oscillator wave functions in the representation of filling factors |m,) are subject to
action of operators b} and by, and satisfy the standard relations: by|my,) = /mu|m, — 1),
bl lmy) = Vmy, + 1lmy, + 1), and b by, |my,) = my|my,) and

. 1
Heolmn) = huose <mn + 2) ). (5)

The oscillator coordinate - the displacement x,, of atom n from the equilibrium position is
related to b} and b, as

zn =1 (b} + by), (6)
where
= V misc' @
The electron hopping Hamiltonian is
i = —J (a5 an1 + afan1 +ab,jan +af_jan), (8)

and the electron-oscillation interaction Hamiltonian has the following form
A;liosc = —x! aian (b: + bn) . (9)

Since the anharmonic contributions to the oscillation energy of atom n in the chain affect
the energy structure of the polaron states and in order to reduce the number of independent
parameters of the model we introduce, following [3], the unique single-atomic Morse potential

V(@) = Vo leap(—azn) — 117, (10)
and its expansion to the anharmonic contributions of the 4-th order has the form

V(zy) = Vo (@22 — o®23 + Ka'a)) . (11)

2 _
where K = 7/12. The quadratic contribution to V' (z,) in (4) is related to oscillation frequency
of atom n as

2
HWosc

Voo? = 5

(12)
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Table 1. The matrix of operator Hint

o, constructed on the products of electron functions

|Dr—1}l@n}rns1} = Ipgr}. The table columns have the same order as for the rows. Zero
matrix elements are leaved blank.

1000} | [100} | [010} | J001} | 011} | |101} | [110} | |111}

{000|
{100| —J
{010| —J —J
{o01] —J
{o11] —J
{101] —J —J
{110] —J
{111]

Table 2. The matrix of operator W(In) constructed on the functions that diagonalize the matrix of
operator H’Cl,cl. Here V' = Vaun(x,). The abbreviations for these functions are as fol-
lows: Wy = [000}, W2 = —5(|100} — [001}), T3 = 1 (]100} + v/2/010} + |001}), ¥y =
3 (1100} = v/2|010} +1001}), W5 = —5(|011} — [110}), ¥g = 3 (J011} + v/2[101} + [110}),
U7 =1 (|011} — v2[101} + |110}), ¥s = [111}. Zero matrix elements are leaved blank.

Uy | Uy A Uy Uy g Uy Wy
v |V
Uy 1%
vV —JV2
\113 1 +%X-%'n
—3XTn
V+JV2
\114 %Xa7n 1
_§X$n
Uy V —xzn,
V—Jv2
Ug 1 _%Xxn
—5XTn
V+JV2
vy _%Xxn 1
—5XZIn
Uy V —xwn
The anharmonic contribution in V' (x,) has the form
Vann(xn) = Vo (—ozgxf; + Ka4xfl) . (13)

To solve the problem of energy levels of small polaron according to the perturbation theory
for the degenerate levels [5] we first diagonalize the matrix of operator H ;1;3 .; constructed on the
products of electron functions |p,—1}|gn}|rnt1} = |pgr} where {p;q;r} = {0;1} (see Table 1).

Using the wave functions that diagonalize the matrix (Table 1) we construct the matrix of
operator

W = H™ + Vyn(z,), (14)
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see Table 2. The twofold degenerate matrix eigenvalues € r7 r77,rv have the form

er,11 = Vann (Tn) — X0 + JG4 (15)
e111 = Vanh(Tn) — XZn; erv = Vann(2n), (16)

where .
G = 57 (Xxn + v/ (xxn)? + 8J2> , (17)

and the eigenfunctions have the form

Uege =~ (|10} + G_|010} + [001}) , (18)
24+ G2
1
V.rra = —— (]100 G010 001}), 19
+
U.rrrq = 111}, (20)
1
V. rve = — (|100} — |001}), 21
eIV ﬁﬂ } —1001}) (21)
1
Uepp = (|011} — G4[101} + [110}), (22)
\/2+ G
1
P =y (011 =G0+ o), (23)
2+ G-
1
Y = —(|011} — |110}), 24
11T \/5(! } —[110}) (24)
Wervy = [000}. (25)

Now we consider the z,, dependent contributions to ey, €77, €177, €rv as perturbations and
obtain the corrections to the energy of the oscillator vacuum state in the first and second order
of stationary perturbation theory.

For this purpose we present these expansions with accuracy up to X‘*ac%:

1 1 2 1 4
er,i1 = Vann(zn) — §xxn + JvV2 [1 + 2 (§> :1:% ~ 59 (%) xﬁ] , (26)

and obtain

_3 4044 L 02100 — £ (2 1014
Brar = Vakatoledio) £ V2 |1+ 50 (%) 0200 55 (3) " wleio)

2 2

1 1
_ﬁwosc U(OQ)(mn + Voagxilw

1 1
+ 3 ‘(0\29@71 + Vga3m2]3)

(0|KVoa'at + JV2 [214 (K)Qmi 1 (X)A‘:vi} \2>’2

!
2 J J

+ i '<0]KVoa4xi + JV2 [214 (%)23:721 L (X)4$ﬂ \4>’2] ;
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3
Errr = *VOKOK4<0’=T$L|O>

o |:’<O|Xl‘n—|-V0Oé :r3|1 ‘ + f’ 0|xxn + Voo :r3|3)‘ (28)
0SsC

+ % (0| K Voo 2)|* + I |<0|KVooz4fo|4>}2} ,

3
Epy = Z%Ka4(0|$i\0>

1
hw osc

O I[ + 5 |olvaadia) 29)

+ 5 [OIR Voo a2 + | {<0|K‘/oa4xﬁ|4>‘2} ,

written in terms of the matrix elements

1 3 1 3
0n|2210,) = =12, (0p]22]0,) = S1* (Opl2ally) = —=1,  (0n]2d|1,) = ——=13,
(Oale3I0) = 512 (Ouladln) = T Oafoalla) = Zob (Oulediie) = 5
V3 1 3 1 (30)
On 1’3 3n = 7l37 On .%'2 2n = 7127 On 1’4 2n = 7l4, On .%'4 4n = \/>l4
Onlznl3n) = 5 (Onl27,12n) 7 (On 2y |20) 7 (On 2y |4n) 5
The general contribution to the energies of all states and of only anharmonic origin is
3 4 Ve 11 6, 37 8

and is subtracted from all polaron state energies

Ergr—AEun=— A1+ A+ A3) Ay, Errr — AEan = —As, Ery — AE., =0, (32)

o M= o 00+ S ) ()] (53
e [m () () )]

po= DY 8 () - ST () <a1>4], (39

w3 (2]

hs = g |5 0P+ BTl () 7

3. Discussion and Summary

Use of the stationary perturbation theory allowed to obtain the expressions for the small polaron
energies in the analytical form that contains all the parameters of the initial Hamiltonian.
Since the Hamiltonian parameters may have, in general, arbitrary values, all expressions are
given up to I8, where [ is the characteristic oscillation length. At the same time in the very
rough approximation, when interaction of the electron with the oscillation of atom and the
anharmonism of the third order are taken into account in the second perturbation order, in
view of initially coincident signs of these contributions into the Hamiltonian, there appears
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a strong dependence of polaron states versus the parameter y, in agreement with numerical

calculations [3]. All energy levels of polaron states appear twofold degenerate. For strong

enough coupling constants x the lowest energy levels appear to belong to the maximum possible

filled atomic orbits.
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