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Phonon spectrum of Nd2Zr2O7 crystal: ab initio calculation
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Crystal structure and phonon spectrum of rare-earth pyroclore oxide Nd2Zr2O7 were studied

within the framework of density functional theory and MO LKAO approach. The calculations

were performed by using hybrid functionals that take into account both local and nonlocal (at the

Hartree-Fock formalism) exchanges. Calculations were performed with the functionals PBESOL0

and PBE0. The fundamental vibration frequencies of Nd2Zr2O7 were calculated. The calcula-

tions were performed in the CRYSTAL17 program designed to simulate periodic structures.

PACS: 61.50.Ah, 63.20.dk.

Keywords: phonon spectrum, DFT, hybrid functionals, pyrochlores.

Dedicated to Boris Malkin, on the occasion of his 80th birthday

1. Introduction

The growing interest to the study of neodymium zirconate Nd2Zr2O7 has to do with varies of

their properties and applications [1–3]. The crystal field on the rare-earth ion at pyrochlore

structure have been studied at [4, 5]. Neodymium zirconate Nd2Zr2O7 was experimentally in-

vestigated by methods of X-ray diffraction, Raman and IR spectroscopy [6–16]. The structural

phase transformation from fluorite to pyrochlore phase was studied by Raman spectroscopy [10].

However, not all the phonon modes corresponding to the pyrochlore structure were detected dur-

ing the experiments. Most of the measurements were carried out on polycrystals. Therefore,

it is relevant to perform ab initio calculation of the phonon spectrum, which will determine

the frequencies and types of the phonon modes for pyrochlore structures of Nd2Zr2O7. In this

work, the phonon spectrum of the crystal Nd2Zr2O7 with the pyrochlore structure (Fd3̄m) is

investigated in the framework of the MO LCAO approach with hybrid DFT functionals.

2. Calculations

Ab initio calculations were performed within the framework of the density functional theory

(DFT) by using hybrid functionals which take into account both local and non-local (in the

Hartree-Fock formalism) exchange. Calculations were performed with PBE0 [17] functional, as

well as PBESOL0 functional, which is incremented in the program CRYSTAL17 [18, 19]. The

percentage of HF-exchange at PBESOL0 functional is 25% as well as in PBE0. By using the

hybrid functionals that take into account both local and non-local (HF) exchanges, we can well

describe the band structure, IR and Raman spectra, and elastic properties of compounds with

an ion-covalent bond [20]. Comparison of PBE0 and other functionals with CCSD calcula-

tions has been performed recently (128 functionals of different levels were tested) [21]. It was

shown that PBE0 is characterized by a rather small error for functionals of its level relative to

the CCSD calculation when reproducing electron density and other parameters [21]. By using

the PBE0 hybrid functional, we successfully described the structure and dynamics of the crys-

tal lattice of rare-earth titanates with the pyrochlore structure R2Ti2O7 (R – rare-earth ion)

in our previous work [22]. Oxygen is part of all structural units in the pyrochlore structure.

It is located in two symmetrically nonequivalent positions (Table 1). Therefore, the reproduc-

tion of the structure and properties will depend essentially on the oxygen basis. The basis of

TZVP type was used in work [23]. This basis is available on CRYSTAL website [24]. Zirconium
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basis [25] is available on CRYSTAL website also. This basis was used by the authors of the

CRYSTAL program to calculate the structure and IR spectrum of zirconium complexes with

oxygen ligands [25]. Quasi-relativistic pseudopotential ECP49MWB was used to describe the

inner shells of the neodymium (ECP – “effective core potential”; 49 is the number of internal

electrons replaced by a pseudopotential; WB is “quasi-relativistic”) [26, 27]. Accordingly, the

inner shells of the rare-earth ion were replaced by a pseudopotential on the 4f inclusive. TZVP

type valence basis sets “ECP49MWB-II” were used to describe the outer shells, 5s25p6, involved

in the formation of chemical bonds [26, 28, 29]. These pseudopotential and valence basis sets

are available on the Stuttgart website [30]. Gaussian primitives with exponent values less than

0.1 were removed from the valence basis sets. The last diffuse orbital of the f type was also

removed from the valence basis sets. The sequence of calculations was the following. Firstly,

the optimization of the crystal structure was carried out. After that, the phonon spectrum

(or the elastic constants) was calculated for the crystal structure corresponding to the mini-

mum energy. The solving accuracy of self-consistent system of Kohn-Sham equations was set

at 10−10 a.u. (TOLDEE = 10). The parameters “TOLINTEG”, determining the accuracy of

the calculation of the two-electron integrals were set equal to 8, 8, 8, 8, 16. The Monkhorst-Pack

shrinking factor was taken to be 8. The phonon spectrum in the CRYSTAL program was calcu-

lated at the harmonic approximation. When calculating the Hessian matrix, the first derivatives

were calculated analytically, while the second derivatives were calculated numerically. The Born

charges were used by calculations of the Raman and infrared intensities at CRYSTAL code [31].

Electric dipole properties were calculated by using a periodic Coupled-perturbed Hartree-Fock

(CPHF) or Kohn-Sham (CPKS) approach [32–34]. Details of the calculation algorithms are

presented in [35]. The Placzek approximation was used to calculate the intensity of the Raman

modes [33]. Non-resonant Raman intensities were calculated as well. According to [18, 24, 35],

the mode intensity associated to an oriented single crystal is:

Ikij ∝ C(αk
ij)

2. (1)

Here i, j = x, y, z, and αk
ij is the element of the Raman tensor. The latter is given by

αk
ij =

∂3ETOT

∂Qk∂εiεj
. (2)

The element αk
ij is calculated as the third derivative of the total electron energy. Here Qk is

the normal mode coordinate, ε is the external electric field. The value C defined by the laser

frequency ωL and temperature T is as follows:

C v
1 + n(ωk)

30 ωk
(ωL − ωk)4. (3)

Taking into account the Bose occupancy factor n(ωk), we obtain

1 + n(ωk) =

[
1− exp

(
−~ ωk

kBT

)]−1
. (4)

For a powder polycrystalline sample, the integral intensity is averaged over the possible directions

of an ideal bulk crystal [36]. The rotational invariants G
(n)
k are defined as:

G
(0)
k =

1

3

(
αk
xx + αk

yy + αk
zz

)2
, (5)

G
(1)
k =

1

2

[(
αk
xy − αk

yx

)2
+
(
αk
xz − αk

zx

)2
+
(
αk
zy − αk

yz

)2
]
, (6)
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G
(2)
k =

1

2

[(
αk
xy + αk

yx

)2
+
(
αk
xz + αk

zx

)2
+

(
αk
zy + αk

yz

)2
]

+

+
1

3

[(
αk
xx − αk

yy

)2
+
(
αk
xx − αk

zz

)2
+
(
αk
yy − αk

zz

)2
]
.

(7)

The Raman intensities of the two polarized components of the powder spectra, the parallel and

perpendicular ones, are

Ipowder
‖,k = C

(
10G

(0)
k + 4G

(2)
k

)
, (8)

Ipowder
⊥,k = C

(
5G

(1)
k + 3G

(2)
k

)
, (9)

Ipowder
tot,k = Ipowder

‖,k + Ipowder
⊥,k . (10)

The C value in the terms (8), (9) is defined in Eq. (3). The infrared intensity of the p-th mode [18]

is defined as
Ip =

π

3

NA

c2
dp |Zp|2 , (11)

where NA is Avogadro’s number, c is the speed of light, dp is the degeneracy of the mode, and

Zp is the mass-weighted effective-mode Born charge vector. The infrared intensity is calculated

assuming an isotropic response.

3. Results and discussion

The coordinates of the ions in the unit cell of the crystal Nd2Zr2O7 with the pyrochlore structure

(Fd3̄m) are given in Table 1.

The crystal structure of Nd2Zr2O7 was calculated with PBE0 and PBESOL0 hybrid func-

tionals. The results are shown in Table 2. The calculation results are in good agreement with

the experimental data.

Rare-earth zirconate Nd2Zr2O7 with pyrochlore structure has phonon modes at the Γ point:

Γ = A1g + Eg + 2F1g + 4F2g + 3A2u + 3Eu + 8F1u + 4F2u. Here A1g, Eg and 4F2g are Raman

active modes, 7F1u are infrared active modes, 4F2u, 3Eu, 2F1g, 3A2u are silent modes. The

results of the calculation of phonon modes at the Γ point of Nd2Zr2O7 are given in Table 3.

Frequencies and types of the phonon modes were determined from the ab initio calculation.

From the analysis of displacement vectors obtained from this ab initio calculations, the degree

of participation of each ion in a particular mode was estimated (Table 3, Fig. 1). The ions that

are shifted significantly in the mode are listed in the column “Ion-participants” at Table 3. The

“S” index is a strong shift (“Strong”), “W” is weak (“Weak”). The maximum displacement of

ions reaches ∼ 0.04 Å. If the displacement of the ion is less than 0.01, the ion is not mentioned

in the column “Ion-participants”. If the value of its displacement is close to 0.01, it is indicated

by the index “W”. The results of the calculation of the intensity of Raman and infrared modes

are shown in Tables 3-6 and Figures 2-3. We can distinguish between the modes in which only

oxygen ions are involved, such as the infrared active mode F1u with a frequency of 234 cm−1.

O1 ions, located at 48f position, characterized by the x coordinate, participate mainly in this

mode. O1 is also predominantly involved in the most intense Raman mode F2g (309 cm−1).

Only O1 ions are involved in the Raman Eg mode (328 cm−1). According to calculations, this

is the second most intense mode in the Raman spectrum (Table 5, Fig. 2). Only O1 ions also

participate in the Raman modes A1g. O1 ions participate mainly at the high-frequency F2g

mode (711 cm−1). Thus, the behavior of these modes gives information about the value of the
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x coordinate of the oxygen O1 under external impact on the crystal. The oxygen O2, located

at 8b position, mainly participates in F2g modes with frequencies of 414 and 537 cm−1. The

oxygen O2 participates mainly at infrared F1u mode (391 cm−1). All ions are involved in IR

active modes (F1u), but their displacement values are different. Zirconium and both O1 and

O2 oxygens are involved in the most intense F1u mode with a frequency of 333 cm−1, with O1

taking the most participation (Table 3). At the low-frequency F1u mode (98 cm−1), mostly

neodymium is involved. Lanthanum and zirconium are substantially involved in silent modes.

The calculation results are in satisfactory agreement with Raman experiments on the powder

samples (Figure 4). According to the calculations, oxygen O1 is predominantly involved in the

most intense Raman mode F2g (309 cm−1). This result agrees with the experimental data [11],

where the Zr-O6 bending was presumed at this mode.

According to the calculations, only O1 and O2 oxygens participate at F2g mode with frequency

414 cm−1. The result agrees with the experimental data [10], where it was assumed that the

O-Nd-O′ vibrations are present in this mode (Table 7). The results of the simulation of the IR

spectrum are shown in Fig. 1. The presence of the peak near 500 cm−1 agrees well with the

measured IR transmittance spectrum of Nd2Zr2O7 [16]. It follows from the calculations that

neodymium is involved in the modes with frequencies up to 250 cm−1. Zirconium participates

in modes with frequencies up to 400 cm−1. Oxygen O2 participates in modes with frequencies

up to 550 cm−1, while oxygen O1(48f ) participates in all modes (Figure 1).

The results of the calculation of the elastic constants and the bulk modulus are given in

Tables 8-10. The results are in good agreement with the experimental data [13]. The mechanical

stability criterion [37] (Born stability criterion) is performed for Nd2Zr2O7.

Table 1. Ion coordinates in the R2Zr2O7 unit cell.

Ion x y z Wyckoff position

Zr 0 0 0 16 c

Nd 1/2 1/2 1/2 16 d

O1 x 1/8 1/8 48 f

O2 3/8 3/8 3/8 8 b

Table 2. The lattice constant, interionic distances (Å), x coordinate of oxygen O1 (relative units) of the

Nd2Zr2O7 crystal.

Calc.

PBESOL0

Calc.

PBE0
Exp. [9] Exp. [1] Exp. [13] Exp. [5] Exp. [15]

Lattice

constant
10.6526 10.7266 10.678 10.6134(1) 10.676 10.6611(1) 10.70

Nd–O1 × 6 2.5691 2.5914

Nd–O2 × 2 2.3064 2.3224

Zr-O1 2.0939 2.1056

Nd-Zr 3.7663 3.7924

x 0.3359 0.3353 0.3357(2)
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Table 3. Frequencies (cm−1) and types of phonon modes at the Γ point. The abbreviations in the “R”

(Raman) and “IR” columns: “A” is an active mode, “I” is inactive one. In the last column,

the “S” index designates a strong shift (“Strong”), “W” – weak (“Weak”).

Type IR R

Calc.

PBE-

SOL0

Calc.

PBE0
Exp. [11] Exp. [10] Exp. [14] Exp. [9]

Ions-

participants

F2u I I 60 51 NdS

Eu I I 97 93 NdS, ZrW, O1W

F1u A I 102 98 Nd, Zr, O1W, O2W

F2u I I 134 130 ZrS, O1W

F1u A I 136 131 Nd, O1W, O2

Eu I I 138 133 NdW, ZrW, O1S

F1u A I 202 199 215 Zr, O1

F1u A I 238 234 O1S, O2W

A2u I I 249 242 Nd, O1

F1g I I 262 253 O1S

F2u I I 295 287 O1S

A2u I I 309 305 Zr

F2g I A 319 309 305 302 298 NdS

Eg I A 338 328 O1S

F1u A I 345 333 365 ZrW, O1W, O2

A2u I I 394 392 O1

F1u A I 402 391 400 O1W, O2S

Eu I I 410 402 ZrW, O1

F2g I A 422 414 399 400 392 O1, O2

A1g I A 518 511 506 501 503 O1

F1u A I 522 512 525 O1, O2W

F2g I A 546 537 523 516 O1, O2S

F1g I I 587 573 O1

F2u I I 592 578 O1

F2g I A 782 771 O1

Table 4. Frequencies (cm−1) and intensities of IR modes (km/mol). PBE0 calculation.

Type Frequency Intensity

F1u 98 316

F1u 131 1992

F1u 199 6504

F1u 234 32

F1u 333 14933

F1u 391 588

F1u 512 3173

Magnetic Resonance in Solids. Electronic Journal. 2019, Vol. 21, No 4, 19406 (11 pp.) 5
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Table 5. Raman mode intensity for polycrystalline sample of Nd2Zr2O7 (relative units). The intensity

of the Raman modes was calculated for λ = 514 nm and T = 300 K. PBE0 calculation.

Type Frequency, cm−1 Itot Ipar Iperp

F2g 309 1000 571 429

Eg 328 205 117 88

F2g 414 27 15 12

A1g 511 54 54 0

F2g 537 69 40 29

F2g 771 25 14 11

Table 6. Raman mode intensity for a single crystal Nd2Zr2O7 (relative units). The intensity of the

Raman modes was calculated for λ = 514 nm and T = 300 K. PBE0 calculation.

Type Frequency, cm−1 Ixx Ixy Ixz Iyy Iyz Izz

F2g 309 0 1000 1000 0 1000 0

Eg 328 410 0 0 410 0 410

F2g 414 0 27 27 0 27 0

A1g 511 75 0 0 75 0 75

F2g 537 0 69 69 0 69 0

F2g 771 0 25 25 0 25 0

Table 7. The calculated and experimental Raman modes of the Nd2Zr2O7 crystal. Frequencies are given

in cm−1. Types of modes are given according to the calculations. The calculated intensities

(arb. un.) of the Raman modes for the polycrystalline sample are given in brackets.

Type Frequency, cm−1 Exp. [10] Exp. [11] Notes

F2g 309(1000) 302 305 Zr-O6 bending [11]

Eg 328(205)

F2g 414(27) 400 399 O-Nd-O′ vib. [10]

A1g 511(54) 501 506

F2g 537(69) 516 523

F2g 771(25) 594

Table 8. Elastic constants and bulk modulus of Nd2Zr2O7 (GPa). PBESOL0 calculation.

C11 C12 C44 B

318.8 122.3 102.3 187.8

Table 9. Elastic constants and bulk modulus of Nd2Zr2O7 (GPa) at hydrostatic pressure P = 2 GPa.

PBESOL0 calculation.

C11 C12 C44 B

327.3 128.1 105.5 194.5

6 Magnetic Resonance in Solids. Electronic Journal. 2019, Vol. 21, No 4, 19406 (11 pp.)
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Table 10. Bulk modulus, Young’s and shear modulus of Nd2Zr2O7, GPa. PBESOL0 calculation.

Averaging scheme Bulk modulus Young’s modulus Shear modulus Poisson’s ratio

Voigt 187.8 256.2 100.7 0.27

Reuss 187.8 256.1 100.6 0.27

Hill 187.8 256.2 100.7 0.27

Exp. [13] 184 260 103 0.27

Figure 1. The displacements of ions at phonon modes.

Magnetic Resonance in Solids. Electronic Journal. 2019, Vol. 21, No 4, 19406 (11 pp.) 7
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Figure 2. Calculation results of the Raman spectrum of Nd2Zr2O7 crystal (PBESOL0 calculation). The

intensity of the Raman modes was calculated for λ = 488 nm and T = 298 K. Pseudo-Voigt

functions with a damping factor of 8 cm−1 were used for modeling of the Raman spectrum

based on the calculated frequencies and intensities for a polycrystal.

Figure 3. Calculation results of the IR spectrum of Nd2Zr2O7 (PBESOL0 calculation). All infrared

modes are of F1u type.

8 Magnetic Resonance in Solids. Electronic Journal. 2019, Vol. 21, No 4, 19406 (11 pp.)
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Figure 4. The calculated and experimental Raman modes of the Nd2Zr2O7 crystal. The calculated

frequencies are indicated by vertical bars. Types of modes are given according to the calcula-

tions. PBE0 calculations are presented in (a) and (b). PBESOL0 calculation is shown in (c).

The experimental data [10], [11], [12] are presented in (a), (b) and (c), respectively.

4. Summary

Ab initio calculation of the crystal structure and phonon spectrum Nd2Zr2O7 with the pyrochlore

structure are carried out within the framework of the MO LCAO approach with a hybrid DFT

functionals that takes into account the contribution of the HF exchange. The calculations repro-

duce the crystal structure in good agreement with the experimental data. Based on the analysis

of displacement vectors obtained from these ab initio calculations, the degree of participation

of each ion in a particular mode is estimated. It is shown that only oxygen ions are involved

in Raman modes. The modes with absolute or predominant participation of oxygen at the 48f

position, characterized by the displacement textitx, are determined. The obtained results can

be used for interpretation of the Raman and IR spectra of the crystal.
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